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DRINFELD SOKOLOV REDUCTION FOR QUANTUM GROUPS 
AND DEFORMATIONS OF W-ALGEBRAS 

A. SEVOSTYANOV 



Abstract. We define deformations of W— algebras associated to complex semi- 
simple Lie algebras by means of quantum Drinfeld— Sokolov reduction proce- 
dure for afiine quantum groups. We also introduce Wakimoto modules for arbi- 
trary affine quantum groups and construct free field resolutions and screening 
operators for the deformed W— algebras. We compare our results with ear- 
lier definitions of q-W-algebras and of the deformed screening operators due 
to Awata, Kubo, Odake, Shiraishi [^, |, |7| , Feigin, E. Frenkel [||| and E. 
Frenkel, Reshetikhin |34[ . The screening operator and the free field resolution 
for the deformed W-algebra associated to the simple Lie al geb ra sfe coincide 
with those for the deformed Virasoro algebra introduced in 
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Introduction 

Let g be a complex semisimple Lie algebra, n^ d g a, maximal nilpotent subal- 
gebra, xo : n^+ ^ C a non-singular character of n+ . In paper [Q Kostant proved 
that the the center Z{U{g)) of the universal enveloping algebra U{g) is isomorphic 
to the algebra 

(1) Endt,(g)(C/(0)®y(„^)Cxo), 

where C^^ is the one-dimensional representation of the algebra U{n+) correspond- 
ing to the character xo- 

Now let g' = g[z, z~^\ -K CX be the nontwisted affine Lie algebra corresponding 
to 0. Let fc € C be a complex number and denote by C/(0')fe the quotient of the 
universal enveloping algebra [/(g') by the two-sided ideal generated by iiT — fc, 
where K is the central element of g'. It is well known that for generic k the algebra 
C/(g')fc has trivial center, and hence the center Z(C/(g)) has no an afhne counterpart. 
Remarkably, the algebra (nl) has a nontrivial affine generalization Wki^g) called the 
W-algebra associated to the complex semisimple Lie algebra g^_^ 

First examples of W-algebras were introduced in papers |1^, |l^, Q Q by Fateev 
Lukyanov and Zamolodchikov. Later Feigin and E. Frenkel gave a more conceptual 
definition of W-algebras using the quantum Drinfeld-Sokolov reduction procedure 
(see ll^, ^, 11^) and generalized the notion of W-algebras to the case of arbitrary 
nontwisted affine Lie algebras. In fact, algebra (^ and the W-algebra Wfc(g) are 
particular examples of Hecke algebras introduced in [Q Q . This allows to develop 
a unified approach to such algebras and to give an invariant functorial definition of 
W-algebras (see also |58|). 

In the terminology introduced in |5g] the algebra (|l|) is the Hecke algebra associ- 
ated to the triple (t/(g), C/(n+), xo), and the W-algebra Wki^) is the semi-infinite 
Hecke algebra associated to the triple (C/(g')fe, C/(n+[2, z~"^]),x), where x is a non- 



trivial character of the algebra C/(n+[z, z~^]) (see Section 3.1 for the exact defini- 
tion). In the simplest case g = 5(2 the algebra W-ki^g) is isomorphic to the restricted 
completion of the quotient of the universal enveloping algebra of the Virasoro alge- 

(fc-)- 1)2 

bra by the two-sided ideal generated by C— (1 — 6— ), where C is the central 

K -|- 2 
element of the Virasoro algebra. 

In pod Shiraishi, Kubo, Awata and Odake introduced a deformation Vir/j ^of the 

Virasoro algebra. The definition of the deformed Virasoro algebra given in [pfl was 

motivated by the theory of symmetric functions. Later a deformed analog for the 

algebra W^isiitq) was introduced by the same authors in g, 0| and independently 

by Feigin and E. Frenkel in |g2[. In |3J] E. Frenkel and Reshetikhin introduced a 

deformation of the algebra Wfc(g) for an arbitrary complex semisimple Lie algebra 

g. In this paper we call the deformed W-algebras introduced in |6^, ||, Q, ^^^ 

q- W-algebras since, in fact, they are not deformations of the W-algebras W^fc(g) but 
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quantizations of Poisson algebras of functions on certain reduced Poisson manifolds 
(see below). 

Up to present the relation of the q-W-algebras to afhne quantum groups was 
not clear. In this paper we give a definition of deformed W-algebras associated 
to complex semisimple Lie algebras by generalizing the quantum Drinfeld-Sokolov 
reduction procedure to the case of afhne quantum groups. The q-Virasoro algebra 
Virh,k^s a subalgebra in the deformed W-algebra Wk^hish) introduced in this paper. 
The same fact is certainly true for the q- W-algebra associated to sIn and the 
deformed W-algebra Wk^his^N) defined in this paper. However the relation of the 
general definition of q-W-algebras given in |34| to quantum groups is still not clear. 

Now we make a few historical remarks on development of the W-algebra theory. 
First we note that the algebra Wfe(g) has a natural "quasiclassical" counterpart, 
the Poisson algebra W{g). This algebra is the algebra of functions on a reduced 
space obtained by Hamiltonian reduction in the dual space (g')* to the nontwisted 
affine Lie algebra g' = 2[z, z~^]+CK, equipped with the standard Kirillov-Kostant 
Poisson structure, with respect to the restriction of the coadjoint action of the 
Lie group G of the Lie algebra g' to the Lie group A^+ corresponding to the Lie 
subalgebra n-|-[z, z^^] C g'. This coadjoint action is Hamiltonian and has a moment 
map fj, : (g')* -^ n+[z,z^^]* — n_[z, z~^], where n_ is the opposite nilpotent 
subalgebra in g, and we have identified the space n+[z, z~^]* with n_[z, z~^] using 
the standard scalar product on g'. The reduced space entering the definition of 
the algebra W{g) corresponds to the value / of the moment map /x, where / is a 
regular nilpotent element in n_ C n_ [z, z~^] regarded as a Lie subalgebra in g. The 
reduction procedure described above was introduced in |lj] and is called now the 
Drinfeld-Sokolov reduction procedure. 

The definition of this reduction procedure given in Hm was motivated by the 
study of certain hamiltonian integrable systems. In fact, important examples of 
these systems associated to the algebra W{sIn) as well as the algebra W{51n) itself 
had been known before due to Adler, Gelfand and Dickey [Q ^ who studied some 
natural Poisson structures on the space of ordinary differential operators on the 
line related to integrable nonlinear equations. 

The quantum W-algebra WkislN), k €C was introduced in [^ using straight- 
forward quantum extrapolation of the classical formula for the so-called Miura 
transform obtained in H| . The Miura transform is the affine counterpart of the 
Harish-Chandra homomorphism. Unfortunately due to technical difficulties this 
approach to the definition of quantum W-algebras can not be applied in the gen- 
eral case. 

The general definition of quantum W-algebras was given by Feigin and E. Frenkel 
in ll^, IIJ, g5| by defining the quantum analog of the classical Drinfeld-Sokolov 
reduction procedure. Feigin and E. Frenkel used the quantum BRST reduction 
technique developed in |47| . 

The deformed analog Wh{slN) for the algebra W{51n) was obtained in J3^ by 
studying the structure of the center of the affine quantum group Uh{slN)k at the 
critical level fc = — /i^ of the central charge (here /i^ is the dual Coxeter number 
of g). In papers [^ |5^ a Poisson-Lie group analog for the Drinfeld-Sokolov re- 
duction procedure was defined. Using the Drinfeld-Sokolov reduction procedure 
for Poisson-Lie groups one can define certain deformations of the Poisson algebras 
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W{q). In case q — sIn the deformed Poisson algebra obtained by this procedure 
coincides with the Poisson algebra WhislN) defined in p3[ . 

The Poisson algebra WhislN) is the quasiclassical limit of the q-W-algebra de- 
fined in 1^, ^, 22 in case of sIn- Since quantum groups are certain quantizations of 



Poisson-Lie groups it was natural to believe that the deformed W-algebras defined 
in 1^, 1^, ^, Q may be obtained by quantizing the Poisson-Lie group analog of the 
Drinfcld-Sokolov reduction procedure. An alternative definition of the Drinfcld- 
Sokolov reduction for Poisson-Lie groups suitable for quantization was given in 

^- . . ^ . 

The particular construction of the quantum BRST complex (see [[471) used in 



|23L E4l 25 for the quantum Drinfeld-Sokolov reduction may be only applied in 
the Lie algebra case, and the generalization of the notion of the quantum Drinfeld- 
Sokolov reduction to quantum groups requires a more complicated technique. In 
papers [^ Q the author developed the general theory of Hecke algebras, a deep 
generalization of the classical notion of Hecke-Iwahori algebras and of the algebraic 
BRST reduction technique for Lie algebras (see @). 

There is another obstruction for direct generalization of the quantum Drinfeld- 
Sokolov reduction to the case of quantum groups. The problem is that the natural 
quantum group counterpart of the algebra U{n+[z, z~^]) has no nontrivial charac- 
ters. In paper J56), motivated by the quasiclassical picture presented in |^, the 
author introduced other quantum group counterparts of the algebra [/(n-|_[z, z^^]) 
having nontrivial characters. 

In this paper we use the results of [g6|, [S^l to define the deformed W-algebras 
^k,h{3)- The paper is organized as follows. 

The definition of the deformed W-algebras and the study of the properties of 
these algebras require an extended algebraic background including the semi-infinite 
cohomology theory and the theory of Verma and Wakimoto modules over affine 
Lie algebras and quantum groups. In Section ^ we recall general facts on graded 
algebras, their representations and semi-infinite cohomology for these algebras in- 
cluding semi-infinite Hecke algebras. Using semi-infinite induction procedure we 
also give the algebraic definition of Wakimoto modules over graded algebras (see 
Section pTT] ). 

The material presented in Section on affine Lie algebras and their representa- 
tion is essentially standard. We only mention th at w e use the algebraic definition 



of Wakimoto modules given in [|64|. In Section |2.3| we also study in detail some 
particular properties of Wakimoto modules that are important for the theory of 
W-algebras. 

In Section ^ we recall the Hecke algebra definition of W-algebras (sec [Q ) . Using 
purely algebraic approach we also construct the resolution of the vacuum represen- 



tation for the W-algebra Wkis) defined in |23| gj, g5[ and explicitly calculate the 



differential in this resolution in case q = 5(2. In the form presented in Sections 3.2 



and |3^ these results are easy to generalize to the deformed case. 

In Section ^ we recall some facts about quantum groups and their representations. 
We also introduce Wakimoto modules over arbitrary affine quantum groups. We 
prove that in case of affine quantum group Uh{sl2) our definition agrees with the 
explicit bosonic realization of Wakimoto modules (see [^ |[) for some special set 
of highest weights. 
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In Section || we define deformations of W-algebras and study properties of the 
deformed W-algebras. This section is organized similarly to Section B except for 



Section 5.1 where we recall the definition of Coxeter realizations for affine quantum 
groups and of the quantum group counterparts of the algebra U{n+[z, z~^]) having 
nontrivial characters. 

In conclusion we note that the analog of algebra {M for finitc-dimcnsional quan- 
tum groups was introduced in ||5J, |5^ . 

Acknowledgments. I am very grateful to G. Felder for numerous illuminating 
discussions and for explanation of some unpublished facts from the structure theory 
of Wakimoto modules. I would like also to express my gratitude to E. Frenkel for 
important remarks and to Forschungsinstitut fiir Mathematik, ETH-Zentrum for 
hospitality. 

1. Generalities on graded associative algebras 

1.1. A class of graded associative algebras. In this paper we consider a class 
of Z-graded associative algebras with unit over a ring k with unit. All modules 
and algebras over k considered in this paper are supposed to be k-free. Let A be 
such an algebra, 

A = y^ An- 

nez 
The category of left (right) Z-graded modules over A with morphisms being homo- 
morphisms of A-modules preserving gradings is denoted hy A — mod (mod — A). 
For both of these categories the set of morphisms between two objects is denoted 
by IIomyi(-, ■). For M, M' e Ob A — mod (Ob mod — A) we shall also frequently use 
the space of homomorphisms of all possible degrees with respect to the gradings on 
M and M' introduced by 

(1.1.1) homA(Af, A/') = 0HomA(Af, A/'(n)), 

nez 

where the module M' {n) is obtained from M' by grading shift as follows: 

In this paper we shall deal with the full subcategory of A — mod (mod — A) whose 
objects are modules M G Ob A — mod (Ob mod — A) such that their gradings are 
bounded from above, i.e. 

M = Af„, K{M) e Z. 

n<K{M) 

This subcategory is denoted by (A — mod)o ((mod — A)o). We also denote by Vectk 
the category of Z-graded vector spaces over k. 

All tensor products of graded A-modules and graded vector spaces will be un- 
derstood in the graded sense. 

The following simple lemma is a direct consequence of definitions. 

Lemma 1.1.1. (pq], Lemma 2.1.1) Let M and M' be two objects of the category 
Vectk such that M = ®n<K ^^"' AT G Z, M' = 0„>i M'^, L G Z, and for every 
n dim Af^ < oo. Then 

homk(M ', M) = M'* d) M, where M'* = homk(A/', k). 
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We shall also suppose that the algebra A satisfies the following conditions: 

(i) A contains two graded suhalgehras N^ , and B^ such that N^ C ©„>o ^n, 

(it) N+ = k. 

(iii) dimiV,^ < oo for any n > 0. 

In particular, A^^*" is naturally augmented. We denote the augmentation ideal 
e„>o^,tbylV+. 

(iv) The multiplication in A defines isomorphisms of graded vector spaces 
(1.1.2) B- (g) N+ ^ A and N+ (g) B- ^ A. 



We call the decompositions ( 1.1.2 ) the triangular decompositions for the algebra 
A. Note that the compositions of the triangular decomposition maps and of their 
inverse maps yield linear mappings 

N+ (E)B- -^ B- (g)N+, 
(1.1.3) 

B- •» N+ ^ N+ (g) B- . 

(v) The mappings ^1.1.!^ ) are continuous in the following sense: for every 
m,n G 7j there exist k-f-,k^ G Z such that 

N^®B-^ B-_^ ® 7V++, and B' (g N+ ^ 7V+„, ® i?-+, . 

fc_<fc<fc+ k^<k<k+ 

We shall also need a certain completion A of the algebra A called the restricted 
completion. The restricted completion may be defined as follows. For any homo- 
geneous component An of the algebra A let An.k be the subspace given by 



An,k — / ^ An—k—iJ^}^ 



^ k+i- 

4=0 



The set of subspaces {An,k, k > 0} can be regarded as a family of neighborhoods 
of in some topology on An- This gives rise to a topology on A. Clearly, 

An,kAm.l C AyjiJ^-n^i^ 

and hence the multiplication on A is continuous in this topology. Therefore the 
completion A oi A with respect to this topology is an associative algebra called the 
restricted completion of A. 

An important property of the algebra A is that for every left (right) A-module 
M e (A — mod)o((mod — A)q) the action of ^ on M may be uniquely extended to 
an action of A. 

1.2. Semiregular bimodule. In this section we recall the definition of the semireg- 
ular bimodule for the algebra A. The semiregular bimodule plays an important role 
in the semi-infinite cohomology theory. This module is also a basic ingredient for 
the algebraic definition of Wakimoto modules. 
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The notion of the semiregular bimodule was introduced by Voronov in [ p2[ (see 
also [^ ) in the Lie algebra case and generalized in [g| to the case of graded asso- 



1.1 



ciative algebras satisfying conditions (i)-(v) of Section 

First consider the left graded -/V+-module N~^* = honii(;(A^+, k), where the action 
of N^ on iV+ is defined by 

{n ■ f){n') = fin'n) for any / G N+\ n G N+ . 

The left A-module 

Sa ^ A®m+ N+* 

is called the left semiregular representation of A (see [Q, Sect 3.2; [Q, Sect. 3.4). 

Clearly that Sa = B' (g) N+* as a left _B"-niodule. The space Sa = B' (g) N+* 
is non-positively graded, and hence Sa G (A — inod)o. 

Now we obtain another realization for the left semiregular representation. Con- 
sider another left A-module S'a = hom^- {A, B^), where B~ acts on A and B~ by 
left multiplication. The left action of A on the space S'a is given by 

(a-/)(a') = /(a'a), / G hom^j- (A, S"), a e A. 

Lemma 1.2.1. (|§, Lemma 3.5.1) Let 

(1.2.1) A^B-(E)N+ 

be the decomposition provided by the multiplication in A. Let cj) : Sa —^ S'a be the 
map defined by 

(l>{a(g)f){a') = (a'a)B-/((a'a)^^+), 



where f ® a ^ Sa^ a' G A and a' a = {a'a)g-{a'a)f^+ is the decomposition (1.2.1) 
of the element a' a. Then <j) is a homomorphism of left A-modules. 

We shall suppose that the algebra A satisfies the following additional condition: 

(vi) The homomorphism (f> : Sa — > S'a constructed in the previous lemma is 
an isomorphism of left A-modules. 

Finally we have two realizations of the left v4-module Sa- 

(1.2.2) SA^A(g)N+N+*, 
and 

(1.2.3) SA = homB-iA,B-). 

Now we define a structure of a right module on Sa commu ting w ith t he left 
semiregular action of A. First observe that using realizations ( 1.2.2| ) and ( 1.2.3 ) 



of the left semiregular representation one can define natural right actions of the 
algebras N^ and B^ on the space Sa induced by the natural right action of N^ 
on N'^ induced by multiplication in N'^ from the left and the right regular repre- 
sentation of -B", respectively. Clearly, these actions commute with the left action 
of the algebra A on Sa- Therefore we have natural inclusions of algebras 

N+ ^ honiAiSA, Sa), B^ ^ honiAiSA, Sa)- 

Denote by A" the subalgebra in honiAiSA, Sa) generated by N^ and B^ . 
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Proposition 1.2.2. ([|), Corollary 3.3.3, Lemma 3.5.3 and Corollary 3.5.3) 

A^ is a X-graded associative algebra satisfying conditions (i)-(v) of Section |_?. j| . 
Moreover, Sa G (mod — A'^)o and 

(1.2.4) 5*^ = N+* 0^,+ A^ = 

(1.2.5) =homB-iA^,B-) 
as a right A* -module. 



Using Proposition 1.2.2 the space Sa is equipped with the structure of an A — A'^ 
bimodule. This bimodulc is caUed the semiregular bimodule associated to the 
algebra A. The right action of the algebra A^ on the space Sa is called the right 
semiregular action. 

1.3. Semiproduct. In this section, following JS^], we recall the definition and 
properties of the functor of semiproduct. This functor is a generalization of the 
functor of semivariants (see [p2|, Sect. 3.8) to the case of associative algebras. The 
semi-infinite Tor functor, that we use in this paper, is a two-sided derived functor 
of the functor of semiproduct. 

Let M G A — mod be a left graded yl-module and Af G mod ~ A^ a right graded 
ALmodule. Consider the subspace M' ®^ M in the tensor product M' (g) M 
defined by 



M' (g) M — {m' (g) m S M' (g) M : m'n ® m = m' ® nm' for every n G N'^}. 

The semiproduct M' ®;^_ M of modules M e A- mod and M' e mod - A^ is 
the image of the subspace M' ®^ M C M' ® M under the canonical projection 

M' ®M ^ M' ®B- M, 

(1.3.1) M' (g)^- M = lm(M' ®^^ M -^ M' ®b- M). 

Thus the semiproduct (g^- is a mixture of the tensor product <E)b- over B^ and 
of the functor (g^ of 'W+-invariants" . However the following lemma shows that 
properties of the semiproduct are rather closely related to those of the usual tensor 
product. 

Lemma 1.3.1. (||5^, Lemma 2.3.1) Let M e (A — mod)o be a left graded A- 
module, M' G (mod — A'')o a right graded A^ -module and Sa the semiregular bi- 
module associated to A. Then 



Sa ®T- M = M 



as a left A-module, and 



M' g)^_ Sa = M 
as a right A^ -module. 



In conclusion we remark that the semiproduct of modules naturally extends to 

B- 



a functor (g);^_ : (mod - A") x {A- mod) -^ Vectk 



DRINFELD-SOKOLOV REDUCTION FOR QUANTUM GROUPS 9 

1.4. Semi— infinite cohomology. In this section we recall, following |£^, Q, the 
definition of the semi-infinite Tor functor for associative algebras. This functor is 
a derived functor of the functor of semiproduct with respect to a certain class of 
adapted objects called semijective complexes. 

First we formulate the main theorem of semi-infinite homological algebra for an 
arbitrary associative algebra A containing subalgebra N. We start by recalling the 
definition of semijective complexes (see p2], Definition 3.3). 

Let 0{A) be a full subcategory in the category of left (or right) A-modules. De- 
note by Kom{0{A)), K{0{A)) and D{0{A)) the category of complexes over 0{A), 
the corresponding homotopy and derived category, respectively. We also denote 
by Kom(A^), K{N) and D{N) the category of complexes over the category of A^- 
modules N — mod, the corresponding homotopy and derived category, respectively. 

A complex S' E Kom(C'(yl)) is called semijective (with respect to the subalgebra 
N) if 

(1) S* is K-injective as a complex of N -modules, i.e., for every acyclic 
complex A* G Kom(iV — mod), iioinx(N){A' , S') — 0; 

(2) S* is K-projective relative to N, i.e., for every complex A* G Kom{0{A)), 
.such that A' is isomorphic to zero in the category K{N), }loTajitQiA\\{S' , A*) — 0. 

An A-module M G 0{A) is called semijective if the corresponding 0-complex 
...^O^M^O^... is semijective. We also say that M is projective relative to 
N if the corresponding 0-complex is K-projective relative to N. For the 0-complex 
...^0— >M— i-0— >... condition 1 of the definition of semijective complexes is 
equivalent to the usual A''-injectivity of M. 

In this paper we shall actually deal with a class of relatively to N projective 
modules described in the next lemma (see [p2|. Sect. 3.1). 

Lemma 1.4.1. (|5§], Lemma 2.4.2) Every left A-module M G 0{A) induced 
from an N -module V G {N — mod), M = A 0jv V , is projective relative to N . 

The following fundamental property of the semiregular bimodule Sa together 



with Lemma 1.3.1 shows that Sa is an analogue of the regular representation in 



semi-infinite homological algebra. 



Proposition 1.4.2. ([^, Proposition 2.4.3) Let A be an associati ve Z -gr aded 
algebra over a ring k with unit satisfying conditions (i)-(vi) of Sections \l.\ 



l.i 



an 
Then the semiregular bimodule Sa is semijective, with respect to the subalgebra N^ , 
as a left A-module and a right A* -module. 

The main difficulty in dealing with semijective complexes is that in general po- 
sition the complex of semijective modules is not semijective. However in some 
particular cases described in the next proposition K-injectivity (K-projectivity rel- 
ative to N or semijectivity) of the complex follows from the corresponding property 
of the individual terms of this complex. 



Proposition 1.4.3. ([|62|, Proposition 3.7) 

1. Any complex S* G Kom(C'(A)) of N -injective modules bounded from below is 
K-injective as a complex of N -modules. 

2. Any complex S* G Kom(C'(A)) of projective relative to N modules bounded from 
above is K-projective relative to N . 

3. Any bounded complex S* G Kom(C'(yl)) of semijective modules is semijective. 
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The definition of the semijective resolution of the complex is also different from 
the usual one. In general position the complex of left A-modules from the cate- 
gory Kom(0(j4)) is not quasiisomorphic to a semijective complex. However one 
can establish such an isomorphism in the corresponding derived category. This 
isomorphism is provided by the main theorem of semi-infinite homological algebra. 

In order to formulate this theorem we recall that an epimorphism of A-modules 
is called strong if it is split as an epimorphism of A^-modules. An A-module M is 
called a strong quotient of a projective relative to N A-module P if there exists a 
strong A-module epimorphism P — > M. 

Theorem 1.4.4. ([£^, Theorem 3.3) Let A he an arbitrary associative algebra 
containing subalgebra N and let 0{A) be a full subcategory in the category of left 
(right) A-modules. Denote by Koin{SJ{A)) the category of semijective complexes, 
with respect to the subalgebra N , associated to the abelian category 0(A), and by 
K{SJ{A)) the corresponding homotopy category. Suppose that every A-module 
M G 0{A) is a submodule of an N-injective module M' G 0{A) and a strong 
quotient of a relative to N projective A-module P € 0{A). Then the functor of 
localization by the class of quasi-isomorphisms is an equivalence of categories: 

K{SJ{A)) - D{0{A)). 



In particular, we have the following important corollary of Theorem 1.4.4. 



Corollary 1.4.5. ([p2|, Theorem 3.2) Suppose that the conditions of Theorem 



1.4-4 for the algebra A and the category 0{A) are satisfied. Then for every complex 
K* G Kom(C'(A)) there exists an isomorphism S' —^ K' in the derived category 
D{0{A)), where S* £ Kom(0(A)) is a semijective complex. The complex S' is 
called a semijective resolution of K'. 

Properties of semijective resolutions are summarized in the following proposition 



that is also a corollary of Theorem 1.4.4 



Proposition 1.4.6. ( [p2| , Corollaries 3.1 and 3.2) Suppose that the conditions 



of Theorem 1.4-4 for the algebra A and the category 0{A) are satisfied and let 
(j) : K* -^ K' be a morphism in D{0{A)), and S' , S' semijective resolutions of 
K' and K' , respectively. Then there exists a morphism of complexes 0* : 5' — > S" 
in the category Kom(C'(A)) such that the square 

S' — > K' 

S" -^ K" 

is commutative in D{0{A)). This morphism is unique up to a homotopy. 

In particular, any two semijective resolutions of a complex K' are homotopically 
equivalent. This equivalence is unique up to a homotopy. 

Corollary 1.4.7. ([p2|, Corollary 3.3) Suppose that the conditions of Theorem 



1.4-4 for the algebra A and the category 0{A) are satisfied. Then each acyclic 



semijective complex from the category Koin{SJ{A)) is homotopic to zero. 

By definition a semijective resolution of a left A-module M G 0{A) is a semi- 
jective resolution of the corresponding 0-complex ...^O^M^O— >.... Next 
we formulate properties of semijective resolutions of left A-modules. 
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Proposition 1.4.8. 

of Theorem 



2l, Corollaries 3.1 and 3.2) Suppose that the conditions 



1.4-4 for the algebra A and the category 0{A) are satisfied. Then 



(a) Every left A-module M G 0{A) has a semijective resolution. 

(h) Any morphism of A-modules M, M' G 0{A) (f> : M ^ M' gives rise to a 
morphism (in the category Kom{0{A))) of their semijective resolutions (p' : S' ^ 
S' that is unique up to a homotopy. 

(c) In particular, any two semijective resolutions of a module M G 0{A) are 
homotopically equivalent. This equivalence is unique up to a homotopy. 

N ow we suppose that the algebra A satisfies conditions (i)~(vi) of Sections ^^ 
and L2. In or der to define the semi-infinite Tor functor for A we shall apply 
Theorem 1.4.4 to the algebra A, the subalgebra N — N^ and the subcategory 
0{A) — {A — mod)o((mod — A)q) of the category of left (right) A-modules. 

Proposition 1.4.9. Let A he a "L-graded associative algebra satisfying conditions 
(i) and (iv) of Section 1.1. Then Theorem 1.4-4 holds for the algebra A, the subal- 
gebra N — N^ and the subcategory O {A) = (A — mod)o((niod — y4)o) of the category 
of left (right) A-modules. 



Proof. We verify that the conditions of Theorem |1.4.4| are satisfied. Indeed, every 
module M G {A — mod)o is a submodulc of the A^+-injective module 



(1.4.1) 

the embedding is given by 



M' = homB-{A,M), 



1 : M -^homB-{A,M), 

i{m){a) — am, m G M, a G A. 

M' is A^+-injective and belongs to the category (A— mod)o since Ad' = homk(A^~'', M) 
as a left iV+ module. 

Every module M E (A — mod)o is a also a strong quotient of the relative to N^ 
projective module 

(1.4.2) P = A(E)N+M, 

the projection is given by 

p : A 0JV+ M ^ M, 

p{a (3 to) = am, m G Af , a E A, 
and the A^'^'-splitting of this projection is given by 



(1.4.3) 



s : M ^ A (8)^+ M, 
s{m) = 1 TO, ?n G M. 



By Lemma 1.4.1 P is relative to N^ projective. P also belongs to the category 
{A — niod)o since P = B~ ® M as a left B^ module. 

D 

We define the semi-infinite Tor functor on modules M G {A — mod)o, M' G 
(mod — A^)q as the cohomology space of the complex S'{M') ®g- S'{M), 

ToTj^'iM',M) = H'{S'{M') ®^- S'{M)), 
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where S'{AI), S*{M') are semijective resolutions of A/ and A/'. By Propositions 

1.4. 9| and |l.4.8| (c) the space TotJ~^*{M',M) e Kom(Vectk) does not not depend 
on the resolutions S*{M), S*{M'). 

Using Proposition 1.4.8 Tor^ {M' , M) naturally extends to a functor 

Tor J+* : (mod - A% x{A- mod)o -^ Kom(Vectk). 

The following important theorem is a semi-infinite analogue of the classical the- 
orem about partial derived functors. 

Theorem 1.4.10. ([Q, Theorem 2.5.1) The following three definitions of the 
spaces Tor J (Af',Af) G Kom(Vectk) are equivalent: 

(a) TorJ+*(Af',Af) = H'{S'{M') ®^! S*{M)); 

(h) TorJ+*(Af' , Af) = H'{M' (E)^l S'{M)); 

(c) TorJ+*(A/', AT) = H'{S'{M') ®;^! M), 

where M £ (A - mod)o, M' g (mod - A'^)q, and S*{M), S'{M') are semijective 
resolutions of AI and M' , respectively. 

Corollary 1.4.11. (|58|, Corollary 2.5.2) Suppose that one of modules M e 
{A — mod)o, M' G (mod — A')o is semijective. Then 

TorJ+'(Af', A//) = M' (g)^- M. 

Now we recall the definitions of standard semijective resolutions for calculation 

of the semi-infinite Tor functor. We start by recalling the definition of the standard 

(normalized) relative bar resolution (see 139], Appendix C and 12], Sect. 2.2). 

Let B C A be an arbitrary subalgebra in A. The standard bar resolution 
- — — '• 
Bar {A, B, M) of a left A-module M with respect to the subalgebra B <Z A \s 

defined as follows: 

- — n 

Bar {A,B,M) = A®B ■■■®B A®bM, n> 0, 



(1.4.4) 



n+l til 

d{ao (g) . . . ® a„ (g) ti) = 



X]r=0 (~1)''«0 Igi . . . <Xi flsfls+l ® . . . ® W- 



+ (-l)"ao ® . . . ® a„_i (g) UnV, 

where oq, . . . , a„ G A, ii G M. 

In order to define the standard normalized relative bar resolution one needs the 
following simple lemma. 



Lemma 1.4.12. (]g], Lemma 2.2.1) The subspace Bar {A,B,M), 

Ba?""(A,B,Af) = 

{ao (g .. . (g)a„ «)w G Bar {A,B,M)\ 3s G {1, . . . ,n} : a^ G -B} 

- — — • 

is a suhcomplex in Bar (A, B, M). 
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The quotient complex Bar'{A,B,M) = Bar {A,B,M)/Ba.r {A,B,M) is called 
the normalized bar resolution of the A-module M with respect to the subalgebra 
B. 

Now the standard semijective resolutions of modules are defined as follows. 
First, to any two complexes X*,Y' G Kom(mod — A*')o we associate a complex 
hom^,(X%y), 

hom^,(x-,y) -e„g^hom:^,(x-,r'), 

hom:;, {X',Y') = ripez hom^, (XP, YP+") 
with the differential given by 
(1.4.5) d/ = dy. o/-(-l)"/odx., fehom\>{X',Y'). 

Proposition 1.4.13. (Hll, Proposition 2.6.3) Let M e (mod - A% be a right 
A^-module. Then the complex Jiai~'^*[A^ ,N^ ^M) defined by 

Bar^+'(A», 7V+, M) = hom;:^, (Bar'(^», S", A"), M) ®^, Bar'(A», 7V+, A"*) 

is a semijective resolution of AI with respect to N^ . 

Proposition 1.4.14. (pi, Proposition 2.6.4) Let M e {A - mod)o be a left 
A-module. Then the complex Jiava^ {A,N~^,M) defined by 

Baif^'iA, N+, M) = BaT^+'{A\N+, Sa) ®T- ^ 

is a semijective resolution of M with respect to N^ . 

1.5. Semi-infinite Hecke algebras. In this section we recall, following [p8|, the 
definition and properties of semi-infinite Hecke algebras. These algebras play the 
key role in this paper. Let A be an associative Z graded algebra over a ring k. 
Suppose that the restricted completion of the algebra A contains a graded subal- 



gebra Aq, and both A and Aq satisfy conditions (i)-(vi) of Sections 1.1 and 1.2, 
We denote by N^ , B^ and N^ , B^ the graded subalgebras in A and Aq, respec- 
tively, providing the triangular decompositions of these algebras (see condition (iv) 



of Section 1.1) 



4 f 

Denote by S — Ind .« the functor of semi- infinite induction 



^0 



S - Ind^J : (mod - A" )o ^ (mod - A% 



defined on objects by 



S - Ind;^J (V) = V (^;^° Sa, V e (mod - 4)o, 



the structure of a right A^-module on Vi^^" Sa being induced by the right semireg- 
ular action of A" on Sa- In the Lie algebra case this functor was introduced in | |64| . 

One can introduce the derived functor of the functor of semi-infinite induction 
defined on objects V G D{mod - A^o by (S - Ind^J)^(y) = S* 0^^ Sa, where 
S* is a semijective resolution of the complex V (see [p8l. Section 3.1 for details). 

Now assume that the algebra Aq is augmented, i.e. we have a character e : ^f, — > 
k. Denote the corresponding one-dimensional ^p-module by kg. 
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Let honi^(,j^jjjj_^jN be the double graded Horn in the derived category I?(mod- 
A'^)q introduced by 

honi^(,„od-A«)o(^*'^*) = Homc(„od-A«)o(^Vi^NM*), 

771, nGZ 

where the complex Y[n]{Ta)* is defined by 

We shall also use the space honi^/,„Q(j_^tt)„(^',y ) defined in a similar way. 
Definition 1. The Z,^ -graded 



(1.5.1) Hk^+'(A,Ao,£) = hom^(,„„d-A«)o((S-Ii<J)''(ke),(S-Ind;^S)^(k,)) 
is called the semi-infinite Hecke algebra of the triple {A,Ao,e). 

The following simple and important property of semi-infinite Hecke algebras 



follows immediately from definition (1.5.1) 



Proposition 1.5.1. ([^, Proposition 3.1.1) Assume that 

H'iiS - Ind;^J)^(k,)) = TotJ+' (k„SA) = K ®Bo Sa- 

Then 

Uk^+'{A,Ao,e) = hom^(,„„,_^,)„(k, ®^° Sa,K ®So Sa). 
In particular, 

Rk^+"{A,Ao,e) = hom^,(ke ®^;; Sa,K <S>^", Sa). 

Another important property of the semi-infinite Hecke algebras is that they act 
in semi-infinite cohomology spaces. For every left ^o~niodule M, M G (Aq— mod)o, 
we introduce the semi-infinite cohomology space H^^*{Ao, M) of M by 

(1.5.2) H^+'{A^,M) = TotJ+'{K,M). 



Proposition 1.5.2. ([p8|, Proposition 3.1.2) For every left A-module M G {A— 
mod)o the algebra lik~ {A, Aq, e) naturally acts in the semi-infinite cohomology 
space H^~^*[Ao,M) of M regarded as a left Ag -module, 

Hk^+*(A^o,£) X H^+'{A„,M)^H^+'{Ao,M). 

This action respects the bigradings ofilk~ {A,Ao,e) and H^^*{Ao,M). 

1.6. Modules over graded algebras. In this section wc recall general facts about 
modules over graded associative algebras (see, for instance, p9{). We suppose that 



the algebra A satisfies conditions (i), (ii) and (iv) of Section 1.1 and the following 
two additional conditions 

(vii) The subalgebra B^ C A contains two graded subalgebras N^ , and H 
such that N^ C ®„<o B^ , Nq — h, H d Bq and the multiplication in B^ defines 
isomorphisms of graded vector spaces 

N- ® H ^ B- and H ® N^ ^ B' . 

(via) There exists an involutive antiautomorphism lu : A —> A such that 
uj\h ^ id, uj : N+ ^ N' and to : N' -^ N+ . 



DRINFELD-SOKOLOV REDUCTION FOR QUANTUM GROUPS 15 

For every left A-module M G A — mod we define the corresponding dual module 
and the contragradient module denoted by M* and M^, respectively. Both M* 
and M^ are Z-graded ^-modules, M* e mod - A, M^ e A- mod and 

M: = {M-nT, M,r - (MnT- 

The action of the algebra A on these modules is defined as follows 

(^ • a, t;) = {S,, a ■ v) for any v e M,S, E M*,a E A, 

{a -Cv) = (C, Lu{a) ■ v) for any i; e M, C G M^, a E A, 

where (•, •) stands for the natural paring between M*{M''^) and M. 

Note that if M G (^ - mod)o then M"^ E {A - mod)o. 

Let M be a left A-module, A : _ff ^ k a character. A nonzero vector w G M is 
called a singular vector of weight A if 

n • f = for any n E N and 

h ■ V = X(h)v for any h E H. 

A nonzero vector w G M is called a cosingular vector of weight A if the dual vector 
is singular of weight A in the contragradient module M^ . From the definition of the 
contragradient module and of the antiautomorphism to it follows that this condition 
is equivalent to the following ones: 

h ■ w ~ \{h)w for any h E H, 

where A^ ~ (Bn<oN^ is the natural augmentation ideal in A^^. 

For any character A : _ff ^ k we denote by /(A) the left ideal in A generated 

by elements h — X{h) and n, where h E H and n E N . Both A and /(A) are 
naturally left A modules. The quotient module A/I{X) is called the Verma module 
and denoted by M\. 

Denote by vx E M\ the image of 1 G A under the natural projection A — > A/I{\). 
The vector vx is called the vacuum vector of M\. Clearly, M\ is generated by the 
vacuum vector as an ^-module. Moreover the map 

A^ — > M\, n ^-> n ■ v\ 

is an isomorphism of A^ -modules. Therefore the Z-grading on A^ induces a 
natural Z-grading on M\. Note that by definition M\ E {A — mod)o. 

The module M^ contragradient to the Verma module M\ has also the following 
explicit description. Let k^ be the one-dimensional representation of the algebra 
H that corresponds to the character A : -ff ^ k. Since A^" is an ideal in B^ this 
representation naturally extends to a representation of the algebra B~ , the action 
of the subalgebra N~ on the extended representation being trivial. We denote 
this _B~-module by the same symbol. The contragradient Verma module M^ is 
isomorphic to the coinduccd representation hom^- {A, k^), 

Here the left action of A on hom^- {A, k^) is induced by multiplication in A from 
the right. 
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By construction the Vernia and the contragradient Verma modules possess the 
foUowing universal property. Let y be a left A-module, v ^ V a singular vector in 
V of weight A. Then there exist unique homomorphisnis 



(1.6.1) Mx ^ V, 

(1.6.2) V-^M^. 



Homomorphism (1.6.1) is defined as the unique honiomorphism that sends vx into 



V, and homomorphism ( 1.6.2| ) is induced by the unique morphism V ^ hx oi B 



modules that sends v into the unit of k. 

The main tool for the study of the question of reducibility of A-modules is 
the so-called contravariant bilinear(Shapovalov) form defined on Vernia modules. 
To introduce this form we need the notion of the Harish-Chandra map ip that is 
defined, in the abstract setting, as the projection onto H in the direct vector space 
decomposition 

A = (N~ (g> H (E) N+) ® H ® {N~ (g> H (g) N^) 
induced by the triangular decomposition 

A^ N- ^H(EN+ 
and by the direct vector space decompositions 

N~ =N^ (B k, N+ =N^ ® k, 

where N are the natural augmentation ideals in N , respectively. 
We define an 7? -valued form on A as follows: 

{a,b) =ifi{uj{a)b). 

This form is symmetric (see p9], Lemma 2.2). 

The contravariant symmetric bilinear form S{-,-) on the Verma module Mx is 
defined by 

S{v,w) = A((ni,,n^)), 

where riy , n^, are unique elements of TV such that v = n^ ■ vx, w = tIw ■ vx- 

The study of the question of reducibility for the Verma module Mx is based on 
the following simple observation: the kernel Ker(S') of the contravariant form S{-, •) 
defined by 

Ker(S') = {ve Mx : S{v, w) = for any w e Mx} 

coincides with the proper maximal submodule in Mx- Therefore the Vernia module 
Mx is irreducible if and only if its contravariant form is nondegenerate. 

In conclusion we note that the Shapovalov form gives rise to an A-module ho- 
momorphism 

Mx -> Ml 



1.7. Wakimoto modules. In this section, following the idea of Q], we give an 
algebraic definition of Wakimoto modules for associative algebras. The notion 
of Wakimoto modules is important, in particular, for explicit description of W- 
algebras. 

In this section we suppose that the algebra A contains two graded subalgebras 
Aq, Ai such that multiplication in A defines isomorphisms of graded vector spaces 

A = Ao Ai, A = Ai Ao, 
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A, Aq and Ai satisfy conditions (i)-(vi) of Sections |l.l| , |l.2| and conditions (vii) 
and (viii) of Section L6. We denote by iV='=, H, N^, Hq and N^ , Hi the graded 



subalgebras in A, Aq and Ai, respectively, providing the triangular decompositions 
of these algebras. We also denote B± = N^H, B^ = N^Hq, Bf = N^Hi. In 
addition, we suppose that multiplication in A provides the following decompositions 
of graded vector spaces 

B = Bq®Bi, B^Bi®Bo, 

N^No^Ni, iV = A^i (g) TVq. 

Let S — Ind^ be the functor of semi-infinite induction, 

S - Ind:!^ : {Ao - mod)o -^ (.4 - mod)o, 

defined on objects by 

S - Ind^„(y) = Sa ®Bo ^' ^ e (^0 - mod)o, 

the structure of a left A-module on Sa '^b° V being induced by the left semiregular 
action of A on Sa^ 

Definition 2. Let \: Aq ^\<i be a character of Aq. Denote by k^ the correspond- 
ing one-dimensional representation oj Aq. The semi-infinite induced representation 
of the algebra A, 

T^A-S-Ind^^kA^^A^^kA, 
is called a Wakimoto module over A. 



Note that by definition the natural grading of W\ induced by that of Sa is 
nonpositive, i.e. Wx & {A — mod)o. 

The following proposition describes the structure of Wx as an ^i-module. 

Proposition 1.7.1. Let k^ be a one-dimensional representation of Aq. The cor- 
responding Wakimoto module Wx is isomorphic to the semiregular representation 
Sai as an Ai-module, 

Wx^Sa,. 

Proof. The proof of this proposition is similar to that of Lemma 2.3.1 in Bq]. We 



only mention that one should use realizations (1.2.4) and (1.2.5) of the semiregular 
representation Sa and refer the reader to |£8| for further details. 

D 



From Proposition 1.4.2 and the previous proposition we deduce the following 
fundamental property of Wakimoto modules that explaines their role in the semi- 
infinite cohomology theory. 

Corollary 1.7.2. The Wakimoto module Wx is semijective as an Ai -module, with 
respect to the subalgebra N^ . 

2. Affine Lie algebras and their representations 

2.1. Notation. In this section we recall, following [Q, basic facts about afhne Lie 
algebras. 

Let ()* be an Z-dimensional complex vector space, a.y, i, j = 1, . . . , Z an indecom- 

o o 

posable Cartan matrix of finite type , AC f)* the corresponding root system, A+ 
the set of positive roots relative to the set Hq = {ai, ...,ai} of simple roots. Denote 
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o 

by W the Weyl group of the root system A, and by si,...,si S W the reflections 
corresponding to the simple roots. Let di, . . . ,di he coprime positive integers such 
that the matrix 6^- = diOy is symmetric. There exists a unique non-degenerate 
M^-invariant scalar product (,) on [)* such that (ai,aj) = 6^. 

Let Q be the complex simple Lie algebra associated to the Cartan matrix a^j. 
The Lie algebra g is generated by elements Hi, X^ , X^ , i — 1, . . . ,1 with the 
following defining relations: 

[H,,Hj] = 0, [H,,Xf]^±a,jXf, 
(2.1.1) 

[X+,Xr] = S.^^H,, (ad^± )!-"-■ {Xf) - for i ^ j. 

The subalgebra f) C g generated by the elements Hi is called the Cartan subalge- 
bra. The nondegenerate symmetric bilinear form on [)* induces an isomorphism of 
vector spaces I) — i)* under which a^ € t)* corresponds to diHi G [). The induced 
nondegenerate bilinear form on t) extends to an invariant symmetric bilinear form 
on g. 

The elements X^ are called the simple positive(negative) root vectors of q. The 
subalgebra b± C g generated by the simple positive (negative) root vectors of g and 
by the elements Hi is called the positivc(negativc)Borel subalgebra. The subalgebra 
Ti± = [b±, b±] generated by the simple positive (negative) root vectors is a maximal 
nilpotent subalgebra in g. 

Let g be the nontwisted affine Lie algebra corresponding to g. Recall that the 

commutant g' = [g, g] — g[z, z~^\ + CX is the central extension of the loop algebra 
g\z, z~^\ with the help of the standard two-cocycle Wst, 

LJst(x(z),y(z)) = Res(— x(z),y(z))dz, 
az 

where (•, •) is the standard invariant normalized bilinear form of the Lie algebra g. 

The algebra g is the extension of g' by element d such that 

[9, a;(2:)] = z—-x{z) for x{z) G g[z,z^^] 
az 

and [9, JT] = 0. 

The algebra y is generated by elements Hi, X^ , X^ , i — 0, . . . ,1 subject to 
the relartions ( p.l.l| ), where i and j run from to I and a^j is the Cartan matrix 
of g. _ 

We denote by () = () + CK + Cd the Cartan subalgebra in g. Let Act)*, A+, 
A^ and A™ be the root system of g, the set of positive roots, the set of positive 
real and imaginary roots of A-|_, respectively. For any root 7 G A we denote 

o 

by mult 7 and ht 7 the multiplicity and the height of 7. Recall that A!Jf =A+ 

o 

U{a + m6, a GA, m G N} and A™ = {mS, m G N}, where S is the positive 
imaginary root of minimal possible height. We also define an element p G t)* by 
piH,) = l, 1 = 0,..., I. 

Let n = {aQ,...,ai} be the set of simple positive roots of the root system A. 
One can order the simple roots 11 = {ao, ...,«/} and the generators Hi, X^ , X~ , 
i = 0, . . . , Z of g in such a way that Hi, X^ , X^ , i = 1, . . . ,1 generate the Lie 
subalgebra g C g. So that if Oy, i,i = 0, . . . ,1 is the Cartan matrix of g then 
aij, i,j = 1, ... ,1 is the Cartan matrix of g. We shall suppose that such an 
ordering is chosen. 
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We also denote by b±, n± the Borel and the maximal nilpotent subalgebras in 
g defined similarly to the finite-dimensional case. 

As in the finite-dimensioinal case there exist coprime positive integers di, . . . ,di 
such that the matrix bij = diUij, i, j = 0, . . . ,1 is symmetric. The corresponding 
symmetric bilinear form (•, •) on f)*, such that (a^, aj) — bij, i, j — 0, . . . ,1 induces 
an isomorphism of vector spaces [} ~ ()*. The induced nondegenerate bilinear form 
on f) extends to an invariant symmetric bilinear form on g. 

In conclusion we note that one can introduce other important nilpotent subalge- 
bras in g. Namely, consider the Lie subalgebras n± = n±[z, z~^] C 2[z, z~^]. Since 
the standard cocycle Ust vanishes when restricted to these subalgebras, n± are also 
Lie subalgebras in g' and in g. 



2.2. Verma and Wakimoto modules over affine Lie algebras. Li this section 
we recall particular details of the construction of Verma and Wakimoto modules 
over affine Lie algebras. The notion of Verma modules became important in the 
representation theory of complex semisimplc Lie algebras after a classical peper by 
D. Verma on embeddings of Verma modules. Wakimoto modules over the affine 
Lie algebra sb were first introduced in |pq] using an explicit bosonic realization 
of sb. The structure of these modules was studied in detail in |^. In ||27|]-[p0| 
B.Feigin and E.Frenkel developed a geometric approach to bosonization and gen- 
eralized the notion of Wakimoto modules to the case of arbitrary nontwisted affine 
Lie algebras. In this paper we use the algebraic definition of Wakimoto modules 
given in 164] . At present it is not proved that these two definitions of Wakimoto 
modules are equivalent. However in this paper we only use Wakimoto modules of 



highest weight of finite type (see Section 2.3 for the definition of these modules). In 



this case algebraically defined Wakimoto modules are isomorphic to contragradient 



Verma modules (see Proposition 2.3.2 in Section 2.3). The same fact is true for 
geometrically defined Wakimoto modules (see Lemma 4 in p^). 

One can apply the general scheme of Sections 1.6 and [1.7] to define Verma, 



contragradient Verma and Wakimoto modules over the affine Lie algebra g and 
over the finite-dimensional Lie algebra g. Here we consider the case of the affine 
Lie algebra g in detail. 

First observe that the Lie algebra g is naturally graded, the grading being defined 
on generators as follows: degh = for /i e f), deg(X+) — 1, deg(Xj^) = —1. The 
universal enveloping algebra U(q) inherits a grading from g and satisfies conditions 



(i)-(vui) of Sections ^, U and [Tj with Af± = C/(n±), H = C/(f)). Here the 
symbol [/(•) stands for the universal enveloping algebra of the corresponding Lie 
algebra. The involutive antiautomorphism uj : [/(g) ^ U{g), called the Cartan 
antiinvolution, is defined on generators by wk = id, u!{Xf) = X?, i = 0, . . . ,1. 

Each character A : () — > C gives rise to a character of the algebra H — C/(t)). 



Therefore, following the construction of Section 1.6, one can define the correspond- 



ing Verma and contragradient Verma module for the algebra A = U(q). As in 



Section i.t we denote these modules by M{\) and M{\) , respectively. 



Let y be a g-module. One says that V admits a weight space decomposition if 
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where 

{V)n = {v ^ V : h ■ V = ri{h)v for any /i G f)} 

is the subspace of weight 7] in V. 

If all the spaces T^ are finite-dimensional then one can introduce the formal 
character of V by 

ch(F) = J2 dim((F)„)e''. 

Let Q — X)i=o ^'^i ^^ ^^^ root lattice of g, and Q^ — X]i=o ^+'^i- By construc- 
tion the Verma module Af (A) admits the weight space decomposition 

A/(A) = (M(A))a-,. 

The weight A is called the highest weight of Af (A). 

The module Af (A)^ admits the same decomposition. We also note that by con- 
struction the weight subspaces of Af (A) and Af (A)^ are finite-dimensional and these 
modules have the same character. This character is equal to 

-multa 



ch(A//(A))=ch(Af(A)^)^ Y[{l-e-"y 



aeA+ 

where mult a is the multiplicity of root a. 

Recall that the Verma module Af (A) contains a unique maximal proper submod- 
ule Jx. We denote by Lx the irreducible quotient M{X)/Jx- 

The problem of reducibility of Verma and contragradient Verma modules is con- 
nected with the study of zeroes of the determinant of the corresponding Shapovalov 
form. If this determinant has a zero then the Verma module has a singular vector 
and is reducible. More precisely we have the following 



Proposition 2.2.1. ([|T), Theorem 1 and Proposition 3.1) Let M{\) he the 
Verma module over the Lie algebra g of highest weight A. Then up to a nonzero 
constant factor depending on the basis the determinant of the restriction of the 
Shapovalov form to the weight subspace {M{X))x-ri 'is equal to 

n n((^+^'-)-"^ 

The module A/(A) (A/(A)^) is reducible if and only if 

(2.2.1) 2{X + p,a)^n{a,a) 

for some a G A-|_, n G N. In this case M{X) {M{X)'^) contains a singular (co singular) 
vector of weight X — na. 



Equation (^.2.1) is called the Kac-Kazhdan equation. 



Now we turn to the algebraic definition of Wakimoto modules over g (see 



First, following the general scheme presented in Section 1.7 we have to choose two 
graded subalgebras Aq, Ax C A = C/(g) satisfying certain additional conditions. 
We take 

Ao = ;7(a), Ax = C/(a), 
where 
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Since g = a + a as a linear space the conditions imposed on the algebras ^o and 
Ai in Section ^ are satisfied with A^o = C/(zn_[z] + 2:[}[z]), Bq = {n-[z^^] + t)), 
TVi = Uin+[z]), Si = (z-in+[2-i] + z-^l)[z-^]). 

Let A : [) ^ C be a character of [). Since n_ + zi)[z] is an ideal in o this 
character uniquely extends to a representation of the Lie algebra a, the action of 
the ideal n_ + zi)[z] on the extended representation being trivial. We denote this 
representation by Ca- The corresponding Wakimoto module 

W{X) = S - Ind:toCA = Sa (i^Bo 'Ca, 

is called a Wakimoto module over q. 

By construction the Wakimoto module W{X) has the same weight space decom- 
position and the same character as the Verma module M (A) and the contragradient 
Verma module M(A)^ (see |6j, Proposition 2.2). Moreover, the vector wx G W{X) 
of highest possible weight A is singular in W{X). Therefore there exist unique 



homomorphisms (see formulas (1.6.1) and (1.6.2) in Section 1.6) 

(2.2.2) A/(A) ^ W{X) -^ M (A)"". 

The composition of these two maps is given by the Shapovalov form of A/ (A) (see 
|20[, §2.1 for similar construction in case of the Virasoro algebra). Therefore from 



Proposition 2.2.1 we deduce that the module W{X) is reducible iff M(A) is reducible. 
Moreover W{X) has singular and cosingular vectors of the same weights as the 
singular vectors of M{X). 

2.3. Wakimoto modules with highest weights of finite type. Let A : f) ^ C 

be a character, M{X), A/(A)^ and W{X) the corresponding Verma, contragradient 
Verma and Wakimoto modules over g of highest weight A. The number X{K) — 
fc £ C is called the level of A. We say that A is of finite type if the corresponding 



Kac-Kazhdan equation (2.2.1) has only solutions n, a such that a eA+. 



Remark 2.3.1. For instance if A||, is an integral weight, i.e. X{Hi) £ Z for i — 
1, . . . ,1 then X is of finite type iff k £ <C\ {—h'^ + Q}, where h^ is the dual Coxeter 
number of g and Q is the set of rational numbers (In this case the level k is called 

o 

generic). Indeed, let [3 = a + mS, a GA, m £ N be a positive root that does 



not belong to A+- Then the corresponding Kac-Kazhdan equation (2.2.1) takes the 
form 

(A + p,a) + m{k + /i^) = —(a, a), 

where we used the equality {p,5) — h"^ . If X\ff is an integral weight this equation 

o 

has nontrivial solutions a GA if and only if k is not generic. 

Therefore if A is of finite type then singular and cosingular vectors of Af(A), 
Af (A)^ and W{X) may only appear in the subspaces of weights A — na, n G 

N, a GA+, i-e. in the "finite-dimensional" parts of M{X), Af(A)^ and W{X) 
(we racall that they appear in subspaces of the same weights simultjaneously). 
Moreover, we have the following proposition describing the structure of Wakimoto 
modules of highest weight of finite type. 

Proposition 2.3.2. Let A : (j — > C 6e a character of finite type. Then the canonical 
map 

WiX) -> Af (A)"" 
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is an isomorphism ofg-miodules. Let Af (Aq)^ be the contragradient Verma module 
over g of highest weight Aq = X\(j.This module is uniquely extended to a g[z]+CK + 
Cd-module (M(Ao)^)fe.A(a) J*^ such a way that zg[z] trivially acts on (M(Ao)^)fe,A(a); 
K and d act by multiplication by k = X{K) and by X{d), respectively. Then both 
M(A)^ and W{X) are isomorphic to the induced representation f7(fl)®(7(g[z]+C-ftr+C9) 
(M(Ao)^)fe,A(a), 

M{Xy = W{X) - U{g) ®r/(flW+c/f+C9) (M(Ao)^)fe,A(a). 

Fist we prove the following Lemma which describes the "finite-dimensional" part 
o{W{X). 

Lemma 2.3.3. The g-submodule W{Xo) = ®^^qo (M^(A))a-,,, Q+ = J2i=i^+^i 
of the Wakimoto module W{X) is isomorphic to the contragradient Verma module 
M(Ao)^ over q, where Ao = Ajp,. 

Proof. First observe that by construction the g-module M^(Ao) is isomorphic to 
Su{g) ®f7(b_) Cao, where Caq is the one-dimensional representation of b_ obtained 



by trivial extension of the character Ao : f) ^ C. Using realization (1.2.3) of the 
semiregular representation 5'(7(g), with A = U{g) and B^ = C/(b_), we conclude 
that the representation Sm^-f (8>(7(b_) *Cao is isomorphic to hom(7([,_)(t/(0), Caq). By 
definition the last g-module is the contragradient Verma module M(Ao^ 



V 



D 



Proof of Proposition 2.3.i. We have to prove that the canonical maps 



W{X) -^ M{XY and 
(2.3.1) 

U{g) ®u(g[A+CK+cd) (M(Ao)'')fc,A(8) ^ M{Xy 

are g-module isomorphisms. 

First note that these maps are injective. For if one of these maps has a kernel then 
this kernel is a J-submodule in W{X) or in C/{5) ®u(5[z]+CK+Cd) (-^(Ao)'^)fe,A(a), 
respectively. Therefore such kernel must contain a singular vector. But as we ob- 
served in the beginning of this section W(A) may only contain singular or cosingular 



vectors in the finite-dimensional part W{Xq). By Lemma [2.3.3 W{Xq) = M(Ao) 



^v 



But the module M{XqY is a contragradient Verma module, and hence, it may 
have only cosingular vectors as a module over g (except for the highest weight 
vector). This implies that M^(A) may also have only cosingular vectors except 
for the highest weight vector. By construction the same is true for the g-module 
U(q) ® u(a\z]+CK+Cd') {^i^oy)k,x(d)- We concludc that the kernels of the maps 
( ^.3.1 ) are tri vial si nce by definition they do not contain the highest weight vectors. 



The maps ( 2.3.l| ) are also surjective since they respect the gradings on W{X), M (A)^ 



and U(q) ®u{g[z]+CK+Cd) {^^{'^oY)k,\[d) and these three modules have the same 
character. 

D 



Next, using Proposition 2.3.2 and Remark 2.3.1 we construct resolutions by 



Wakimoto modules for a class of g modules induced from finite-dimensional irre- 



ducible representations of the Lie algebra g (see [^, 24, 25|). These resolutions are 
induced from the Bernstein-Gelfand-Gelfand resolutions of the finite-dimensional 
irreducible representations of g (see [|| for the definition of the Bernstein-Gelfand- 
Gelfand resolution). 
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Corollary 2.3.4. Let X be a character ofi) of generic level k such that Aq — Ajf, is 
an integral dominant weight for g, i.e., Aq £ P^ , where P+ = {A G ()* : X{Hi) £ 
Z_|_, i = 1,.. J}. Let L{Xq) be the irreducible finite-dimensional representation 
of Q with highest weight Xq and denote by C*(Ao) the Bernstein-Gelfand-Gelfand 
resolution of L{Xo) by contragradient Verma modules over q, 

O^Ci(Ao)^ >C'i"""+(Ao)-^0, 

^'(Ao) = e„6w(.) Miw{Xo + po) - po)\ 

where W^^' C W is the subset of the elements of length i of the Weyl group of Q 
and Pq — ■ky] ° OL. 

Then the induced complex of ^-modules 

-^ D^{X) -^ > D'l"" "+(A) -^ 0, 

D'iX) = ®^(=w(') U(b) '»u{B[z]+CK+cd) (M(w(Ao + po) - Poy)k,\{d) 

is a resolution of the induced representation UQ) ®u{sM+CK+cd) {L{Xo))k.\(d) ^V 
Wakimoto modules, i.e. 

D\X)= W{w{X + p^)~po), 

where the Weyl group W is regarded as a subgroup in the affine Weyl group of the 
Lie algebra g. 

2.4. Bosonization for s^. In this section we recall the original definition of Waki- 
moto modules in the simplest case of the Lie algebra sb [Bsl. We also prove that for 
highest weights of finite type this definition is equivalent to the invariant algebraic 



definition given in Section 2.2 



In |65[] Wakimoto modules for 5(2 were realized in Fock spaces for the complex 
associative Heisenberg algebra H generated by elements iVn, w+ and a^, n G 1^ 
subject to the following relations 

[w„,a™] = K+,a„] = [w„,w™] = [uj+,uj+] = 0, 

[a„, Om] = 2(fc + 2)n6n+,n,0- 

Note that the algebra H is naturally Z-graded, deg aj„ — deg w+ = deg a„ = n. 
We introduce generating series for the generators of the algebra H by 

We also denote by X^ — Xz", iJ„ = Hz'^ the "loop" generators of the Lie algebra 
SI2, where X^ and H are the Chevalley generators of sb, and introduce generating 
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series for these generators by 



±,„-" 



Proposition 2.4.1. ([^, Theorem 1) Suppose that k ^ —2 and denote by H 
the restricted completion of the algebra H. Then the map 0^ : C/(s[2) — > H defined 
in terms of generating series by 

X+{w) ^LU+{w), 

H{w) H^ 2 : uj{z)uj^{w) : +a(w), 



X-{w) 
K^k, 



uj(w) uj~^(w) : —k— — ujiw) — LL}(w)a{w), 
dw 



9 



ne 



n : UJ-„UJ' 



2{k- 



2) ^ 

' 11=1 



^—n^n 



is a homomorphism of algebras. Here : : stands for the normally ordered product of 
elements of the algebra H, i.e. a permuted product of elements such that for n > 
elements ujn, uj^ stand on the right. 

Using this proposition one can construct representations of the Lie algebra 5(2 
in Fock spaces for the algebra H. Let H{Xo) be the Fock space for the algebra H 
generated by the vacuum vector v\g satisfying the following conditions 

^n ■ wao = for n > 0, 



VXo 



for n > 0, 



On ■ vx„ — for n > 0; 

ao ■ v\o = Aqwao- 

Denote by Vl^(Ao, k) the representation of the algebra sb in this space constructed 
with the help of the homomorphism (j)k . 

Proposition 2.4.2. Let A : t) — > C &e the character of the Cartan subalgebra of 
the Lie algebra sb such that X{H) — Aq, X{K) — k, k ^ —2 and X{d) — 0. 
Suppose that X is of finite type. Then the 5l2-module W{Xo, k) is isomorphic to the 
Wakimoto module W{X). Ln this case both W{Xo,k) and W{X) are isomorphic to 
the contragradient Verma module M(A)^. 

Proof. First we recall that according to Proposition ^.3.2 the Wakimoto module 
M^(A) is isomorphic to the contragradient Verma module A/(A)^. Therefore it 
suffices to show that W{XQ,k) is isomorphic to M(A)^. 

Observe that the vacuum vector vx^ of the module W{Xq, k) is the singular vector 
of highest possible weight A. Therefore we have a canonical map 

(2.4.1) W{Xo,k)~^M{XY. 
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We have to show that this map is an isoniorphisni. 

Note that the composition of the canonical map M{X) — » W{\o,k) and of 
the map ( ^.4.1 ) is given by the Shapovalov form of M{X). Therefore the singu- 



lar(cosingular) vectors of W{Xo,k) and A/(A)^ may appear in the subspaces of 
the same weights simuhjaneously. By the definition of characters of finite type 
(see Section ^) the singular (cosingular) vectors may only appear in the "finite- 
dimensional" part of Af (A)^. Explicit calculation shows that the module W(Xo, k) 
may only have cosingular vector uJq°^^ ■ vx^ when Aq S Z+. 



The rest of the proof of this proposition is parallel to that of Proposition 2.3.2[ 



One just has to remark that both W{Xo, k) and M{XY have the same characters. 

D 

For any character A : t) ^ C of finite type such that X{H) = Ao, X{K) = k, k ^ 
—2 and X{d) = we shall always idemtify the sb-modules W{Xo, k) and W{X). 

In conclusion we recall the definition of screening operators which are certain 
intertwining operators between Wakimoto modules W(Ao, k) (see & pS, p9|). First 
we introduce an operator V : 7i(Ao) -^ H(Ao — 2) that sends the vacuum vector 
fAo of ^(-^o) to the vacuum vector wao-2 of 7i(Ao — 2), intertwines the action of 
the elements Wn, w^ and commutes with a„ as follows 

K,y]--2i/<5„^o. 

Proposition 2.4.3. ([|8|, Theorem 3.4) The operator S = KeSw=oJ{'w), S : 
W{Xq, k) ~* W{Xo — 2, k), where the generating series J{w) is defined by 

J(H =--^-+(-)exp (-E (^-"j exp (e (^--"j Vw^^, 

is a homomorphism 0/5(2 modules. 

The operator S is called a screening operator. 

3. W-ALGEBRAS 

3.1. Definition of W-algebras. In this section we give a definition of W-algebras 
associated to complex semisimple Lie algebras. We follow the invariant Hecke 
algebra approach developed in Bq] and refer the reader to |23|-p6[ for the original 



definition. We keep the notation introduced in Section 2.1. 

Let n+ be the maximal positive nilpotent Lie subalgebra in the complex semisim- 
ple Lie algebra g, n+ = n+[z, z^^] the corresponding loop Lie algebra. Since 

i=l riGZ 

as a vector space each character e : n+ ^ C is completely determined by the 
constants e{X^z^), i = 1, . . . ,1, n G Z. 

Let X : ft+ ^ C be the character such that 

1 if X = X+z-\ i = l,... ,1 
OiiX <^J2\=iCX+z-\ 1^1,... , I 

We denote by C^^^ the left one-dimensional J7(n+)-module that corresponds to x- 



xix) = s .._. .w 
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Let U(g')k be the quotient of the algebra U(q') by the two-sided ideal generated 
hy K — k, fc e C. Note that for any fc € C U{n+) is a subalgebra in U(g')k because 
the standard cocycle Wgt vanishes when restricted to the subalgebra n+ C g[z, z~^]. 

Next observe that the algebras C/(5')fc and U{n+) are naturally Z-graded and 
satisfy conditions (i)-(vi) of Sections |]^, [l^ , with the natural triangular decompo- 
sitions U{g')k = U{b'_) (g> U(n+) and U{n+) = Uiz-^n[z-'^]) (g) Uin[z]), where b'_ is 
the Lie subalgebra in J' generated by n_ and f). Here both n+ and n_ are regarded 
as Lie subalgebras in g'. Hence one can define the algebras [/(g')'., C/(n+)'' and the 
semi-infinite Tor functors for U{g')k and [/(n+). 

The algebra U(g'Y is explicitly described in the following proposition. 

Proposition 3.1.1. ([||, Proposition 4.6.7) Let g^ = g' + A'lC be the central 
extension ofg' with the help of the cocycle ujq{x, y) = 2p{Pq{[x^ y\))i ^iV G s'- Here 
Pq is the projection operator onto f) + CK in the direct vector space decomposition 
g' — n+ + (i) + CK) + n_. Then the algebra f/(g')fc ** isomorphic to the quotient 
U{q^)/I , where I is the two-sided ideal in [/(g') generated by K ~ k and Ki — 1. 

Note also that for any Z-graded Lie algebra g with finite-dimensional graded 
components the algebra U{q) may be described as the universal enveloping algebra 
of the central extension of g with the help of the so-called critical two-cocycle of g 
(see M, Proposition 4.6.7), the value of the central charge being equal to one. From 
the explicit description of the critical cocycle it follows that the critical cocycle of 
the Lie algebra n+ vanishes. Therefore the algebra [/(fi+)*' is isomorphic to U{n+). 
We shall always identify the algebra U{n+)^ with C/(n+). 

Definition 3. The W-algebra Wkis) associated to the complex semisimple Lie al- 
gebra g is the zeroth graded component of the semi-infinite Hecke algebra of the 

triple {U{g')k,U{n+),€^), 

Wu{q) = Hk^+"([/(g')fe,C/(ft+),C;,). 

This definition is equivalent to the original definition of Hecke algebras given in 
(see Proposition 3.2.2 in |58]). Moreover, we have 
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Proposition 3.1.2. ([g^, Sect. 2; |3gl, Theorem 14.1.9) The nonzero graded 
components of the semi-infinite Hecke algebra of the triple (C/(g')fe, C/(n+),C^) van- 
ish, 

Hk^+"(C/(g')fc, f/(ft+),Cx) = for n ^ 0. 

Remark 3.1.3. In the definition of W-algebras given in [ p8[ we used the grading in 
the Lie algebra g by the degree of the loop parameter z and the character x : n+ ^ C 
such that 

However in [|35[ it is shown that these two definitions of W-algebras are equivalent. 



Using Proposition |1.5.1| one can explicitly calculate the algebra VFfe(g) 



Proposition 3.1.4. ([^, Theorem 3.2.5) The algebra Wkio) ^^ canonically iso- 

[z-i]) -^[^(flOfc'^X '^U(z-^n[z-^) ^t 
-.U(nlz]) Q „ , r ^U{n[z]) 



morphic to hom^jj,), (C;, ®[^("-1i[^-i]) ^[/(SO^'^x ®l''i'}-\,-i]) Su&),), 



(3.1.1) W^.(g) = honV(s,,, (C, ®^^:L?„[,_,,) ^^(iO.^C, ^''^'^'-i'^^^-.^^ ^^(ioJ- 
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3.2. Resolutions and screening operators for W algebras. In this section 
we suppose tliat the level k is generic. Recall that by Proposition 1.5.2 the algebra 
Wk{s) acts in the spaces Tor^^.j^ JC^, M), where M G {U{g')k — mod)o. In partic- 
ular for every left [/(5')-module M € {U(q') — mod)o such that the the two-sided 
ideal of the algebra U(g') generated hy K — k lies in the kernel of the representation 
M the algebra Wkid) acts in the space ToTj^,^ JC^,M). 

Let Afe : f) — > C be the character such that Ajf, = 0, X{K) = k and A(9) = 0. 
Denote by Vk the representation of the Lie algebra g with highest weight Afc induced 
from the trivial representation of the Lie algebra g, Vk — U{g) (l^u{Blz]+CK+Cd) 
(i(0))fe,o- Vk is called the vacuum representation of g. Since the two-sided ideal 
of the algebra U(g') generated hy K — k lies in the kernel of Vk the algebra Wk{g) 
acts in the space TorJ,~ ){'Cx, Vk)- 

The space Tor^^,- AC^, Vk) may be explicitly described using the resolution of 
the g-module Vk by Wakimoto modules constructed in Corollary ^.3.4 . Indeed, let 
D*{Xk) be this resolution, D'(Afe) = 0„,gvF(') W{w{Xk + pa) - po)- 

Proposition 3.2.1. The complex D'{Xk) is a semijective resolution ofVk regarded 
as a U{n^)-module, with respect to the subalgehra U{n[z\). 



This proposition follows from part 3 of Proposition 1.4.3 and the following 
lemma. 

Lemma 3.2.2. Every Wakimoto module W{X) is sem,ijective as a U{n+) -module, 
with respect to the subalgehra U{n[z]). 



Proof. First observe that by Proposition 1.7.1 every Wakimoto module is isomo rphic 
to the left semiregular representation Su(^a) ^^ ^ [/(o)-module. By Lemma |l.3.l| 

this space is also isomorphic to S'[/(f,^) ^[/("-inr^-ii) '5'[/(a) as a U {h+)-niodu\e. 

Similarly to Lemma 2.3.1 in [p8| one can show that 5'[/(n^) (^ij("-iliu-i]) Su{a) — 



Su{n+) "Xi U{z~^t)[z~^]) as a U{n^)-inodule. By Lemma 1.4.1 this module is rela- 
tively to C/(n[z]) K-projective. Indeed, using realization ( 1.2.2| ) of the semiregular 
bimodule Suin+) one can establish a C/(n[z])-module isomorphism, 

(3.2.1) Suin+) ® U{z-'t)[z-']) = Uin+) ^u(n[z]) C/(n[z])* ® Uiz-'t)[z-']), 

and the last C/(n+)-module is induced from a [/(n[z])-module. 

The C/(n+)-module Smn ^)(^U {z^^i)[z~^]) is also f7(n[z])-injective because using 
Lemma 



1.1.1 



and formula (1.2.3) we have an isomorphism of [/(n[z])-modules, 

(3.2.2) SuiA+) <E> U{z-'^i)[z-^]) = homc(C/(n[z]), U{z-\[z-^]) U{z-^i)[z-^])), 

and the last module is obviously C/(n[2:])-injective. 

D 

Now, by the definition of the semi-infinite Tor functor, in order to calculate 
the space TorJ.- *JC;^, V^) one should apply the functor C^ ®u(z-^n\z-^) ' *° *^^ 
resolution D'{Xk) and compute the cohomology of the obtained complex. 

Denote by C'(Xk) the complex C^ ®u(z-^n\z-^) ^*i^k), 

c-(Afe) = c,®[;;:Lt[^_,,)i?-(A,). 
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Proposition 3.2.3. ([|l), Theorem 1) H^^{C'{\k)) = 0, i.e., for n ^ Q 

Tor|;fi;)(C;„\4)=0, 
and the complex C*{\k) is a resolution of the Wk{8) -niodule TorJ^ \{'Cx, Vk). 

The VFfe (g)-module Tor J,- JC^jVk) is called the vacuum representation of 

Wkie), and the operators S, : C^^ut%z-^])^i>'k) ^ C^^u[l%z-^])W(-'^^ + 
Xk) induced by the differential of the complex C*{Xk) in degree 0, 

(3.2.3) 

are called the screening operators for the algebra Wfc(g). 

3.3. The Virasoro algebra. In this section we describe, following pJ, the W- 
algebra Wk{sl2). Using the algebraic definition of Wakimoto modules we also obtain 
the results of |23] on the explicit form of the resolution of the vacuum representation 
for this algebra for generic k. We use the bosonic realization of Wakimoto modules 
over the Lie algebra sb and the notation introduced in Section p!4| . 

Denote by Vir the Virasoro algebra, i.e., the complex Lie algebra generated by 
elements T„, n g Z and C with the following defining relations 

C 

[r„, Tm] = (n - m)Tn+m + "[^("-^ ~ '"■)Sn+rn,0, [C, T„] = 0, 71, m G Z. 

Note that the Virasoro algebra is naturally Z-graded. 



Proposition 3.3.1. ([^, Proposition 4) Let [/(Vir)c be the quotient of the uni- 
versal enveloping algebra [/(Vir) by the two sided ideal generated by the element 
C ~ c, where C is the central element of the Lie algebra Vir and c G C Sup- 
pose that k is generic. Then the algebra Wk{5l2) is isomorphic to the restricted 

,(fc + l)' 



completion of the algebra t/(Vir)c, where c = 1 — 6- 



Wk{5l2)^UiYiT)c, c=l-6 



k + 2 ' 

{k + lf 
k + 2 



(k + 1)^ 

Note that the central charge c — 1 ~ 6 is invariant under the following 

^ k + 2 ^ 

transformation of the parameter k: 

, „ 1 



k + 2 
As a consequence we have the following proposition. 

Proposition 3.3.2. Let k,k' E C be generic. Suppose that k' + 2 — . Then 

the algebras Wk{sl2) and Wk'{sl2) are isomorphic. 
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Now let C*(Afc) be the resolution of the vacuum representation of the algebra 



W^fcCsb) introduced in the previous section. Using Remark 2.3.1 and Proposition 
|2.4.2| this resolution may be rewritten as 



.Uin[z]) „,,„ l,\ ^(T ^C/(n[z]) 



(3.3.1) ^ C, ®^^:L^ii[,_.j) W{0, k) -. C, ^•'uiTU-^]) ^(-2. k) - 0. 



We shall exphcitly calculate the spaces C^ '^ulz--^n\z-^] ^(^i ^) ^^id 



C^ ®r/("-in[z-in ^(~2, fc) and the screening operator 

Si : c, ®[;!:Lii[,-.]) w^(o, fc) -- c, ®S"-i[-^]) ^(-2' fc)- 

Lemma 3.3.3. Let W{Xo,k) be the Wakimoto module of highest weight A of finite 
type such that X{H) = Ao, X{K) ^ k, fc ^ -2 and \{d) = 0. Denote &?/ H° C H 
the subalgebra in H with generators an, n Eli subject to the relations 

[an, am] = 2(fc + 2)n5n+mfl- 

Let 7r(Ao, k+W^) be the \) (and ViP )-submodule in W{Xq, k) generated by the vacuum 
vector vx„ under the action of the subalgebra H° C H. Then the natural linear space 
embedding 7r(Ao, k + h'^) — > W{Xo, k) gives rise to a linear space isomorphism 

(3.3.2) 7r(Ao, k + h'')= C^ ®^("-i[.^i]) ^(^o, k). 

Proof. In order to prove this lemma we note that there is a linear space isomorphism 
*^x ®t/("Si[^-i]) WiXo,k) = C^o ®[^("-1i[^-i]) W{XQ,k), where xo is the trivial 
character of the Lie algebra n+. Since the Cartan subalgebra f) C g normalizes the 
Lie subalgebras n[z] and z^-^n[z^-^] the space C^^ ®u(z-^n\z-^]) ^(-^o, k) is naturally 
an ()-module, the module structure being induced by the action of the Lie algebra 
f) on the space W{X(),k). 



Now recall that in the proof of Lemma |3.2.2| we observed that any Wakimoto 

'U{ix+) 



module is isomorphic to Su(^n+) ® U{z ^l)[z ^]) as an f7(n+)-module. Therefore 



>U{n[z]) 



from Lemma |l.3.l| we deduce that C^^ '^uiz'^nlz-^]) ^('^o,^) — U{z ^i)[z ^]) as 



a linear space. Explicit calculation shows that the induced f)-module structure on 
U{z~^i)[z~^]) coincides with that of 7r(Ao, k + /i^), and hence we have an isomor- 
phism of ()-modules, 

(3.3.3) Cxo ®u[l%z-^]) W{Xo,k) = 7r(Ao, A: + /i^). 

From explicit formulas for the bosonic realization of the Wakimoto module 



W{Xo, k) (see Proposition 2.4.1 ) it follows that the natural embedding of ()-modules 
7r(Ao, k + h^) -^ W{Xo, k) gives rise to an embedding of (^-modules 

(3.3.4) ^(Ao, fc + /i^) -> C;,„ ®S"-''i[^-]) ^(^0' ^)- 

Finally observe that the space 7r(Ao, k + h^) is decomposed into the direct sum 
of finite-dimensional weight subspaces with respect to the action of the Lie algebra 
\). Therefore, in view of ( 3.3.3| ), embedding (3.3.4) is an isomorphism of f)-modules. 

D 



Remark 3.3.4. Using linear isomorphism (S.S.i) one can equip the space 

'^x ^u(z-^n\z~^]) ^(-^o,fc) with the structure of an H^-module. This H^-module 

structure is not natural. 
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Using the last lemma the individual terms of the resolution (3.3.1) are equipped 
with the H'^-module structure and the resolution takes the form 

(3.3.5) -> 7r(0, k + h"") ^ 7r(-2, k + h"") ^ 0. 

Proposition 3.3.5. The only nontrivial component Si : 7r(0, k + h^) — > 7r(— 2, k + 



hy) of the differential of resolution (3.3.L) is given by Si — Ileaz=oJi{z), where the 



generating series Ji{z) is defined as follows 

Mz) = exp ( - y , °^" z"| exp | V „ °" , z'" | V, 

and the operator V : 7r(0, fc + h'^) — > 7r(— 2, fc + ft,^) sends the vacuum vector vq 
of Tr(0, k + ft,^) to the vacuum vector i;_2 of 7r(— 2, k + W^ ) and commutes with the 
elements a„ as follows 

K,y] = -2F,5„^o. 

Proof. First observe that the only nontrivial component of the differential in com- 
plex (3.3.5|) is induced by that arising from the resolution of the vacuum represen- 



tation Vfe by Wakimoto modules (see Corollary |2.3.4). The last differential is an 



intertwining operator between g-modules W^(0, fc) and W{—2, fc). If such operator 
exists then either W{Q, fc) has a cosingular vector or W{—2, fc) has a singular vector. 



In the proof of Proposition 2.4.2 we observed that for A of finite type and fc ^ —2 
the Wakimoto module W{X) = W{Xo, fc) may only have cosingular vector uJq°^ -wao 



if Aq € Z+. Therefore, using Remark ^.3.1, we conclude that the only nontrivial 



intertwining operator between W{0, fc) and W{—2, fc) corresponds the cosingular 
vector ujq -Vq E W{Q, fc). This operator is the projection operator onto the quotient 
of W{0, fc) by the submodule generated by the highest weight vector, the image 
of the cosingular vector being the highest weight vector in M^(— 2,fc). Explicit 
calculation shows that this operator coincides with the intertwining operator S : 



W(0,fc) -^ W(-2,fc) introduced in Proposition |2. 4. 3 . 

Next observe that the algebra C/(n+) is commutative and hence for any Ao the 
action of this algebra on the space Vl^(Ao,fc) gives rise to an action on the space 
C^ '^r/f" -in[^- iii W{Xo, fc) = 7r(Ao, fc -I- h'^)- Using the definition of the character x, 
Lemma 1.3.l| and the fact that any Wakimoto module is isomorphic to Sij(^n+) "" 



U{z~^i)[z~^]) as an C/(n+)-module we conclude that for n ^ —I the elements 
X+ = w+ act on the space C^ ®u(z-^n\z-^) ^(-^o, k) = 7r(Ao, fc -I- /i^) in the trivial 
way and the element X_i — tj_i acts on this space as the identity operator. 

Finally note that the action of the elements an, n G Z and of the operator V 
on the resolution (|3.3.5) commute with the action of the algebra C/(n+). Therefore 



the operator S : W{0, fc) — > W{—2, fc) gives rise to the operator 5*1 : 7r(0, fc + h'^) 
7r(-2,fc-h/i^). 

D 
In conclusion we recall that the action of the generators T„ of the algebra Wk (sb) 
on the spaces W{0, fc) and W{—2, fc) is given in terms of the generating series 
Ti^) = EnezTnZ--hy 

T{z) = , ^ , : a{zf : +i f 1 - ^^ z" — {z-^a{z)). 
^ ' 4(fc-|-2) ^' 2\ k + 2j dz^ ^ " 
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4. Affine quantum groups and their representations 

4.1. Affine quantum groups. In this section we recall some basic facts about 
affine quantum groups |1^ . We follow the notation of Q . 

Let h be an indeterminate, C[[h]] the ring of formal power series in h. We shall 
consider C[[/i]] -modules equipped with the so-called /i-adic topology. For every 
such module V this topology is characterized by requiring that {h^V | n > 0} is a 
base of the neighbourhoods of in V, and that translations in V are continuous. It 
is easy to see that, for modules equipped with this topology, every C[[/i]]-module 
map is automatically continuous. 

A topological algebra over C[[ft.]] is a complete C[[/i]] -module A equipped with a 
structure of C[ [ft.]] -algebra (see Q, Definition 4.3.1). All tensor products (direct 
sums) of complete C[ [ft.]] -modules and of topological algebras over C[[ft]] will be 
understood as completed in the h-adic topology algebraic tensor products (direct 
sums) . 

The standard quantum group Uhis) associated to an affine Lie algebra g is the 
algebra over C[[ft]] topologically generated by elements Hi, X^ , X~ , i = 0, . . . ,1 
and d with the following defining relations: 

[H,,Hj] - 0, [H,,Xf] = ±ayA±, 



^t^i ^i^t = Sr., 



K,, - k; 



[d,H,]=0, [d,Xf]=±6,,oXt 



where K, ^ e/'^"% e'' == q, q.^ ^ q"^' == e'^"'', 



and the quantum Serre relations: 

l — aij 



where 



l- ai 



{Xtf-''^^-^Xf{XtY^Q, t^j, 



m 
n 



J 



q' 



nU\n-ml.r ["]«' = M, • ■ ■ [1]., N, - —-T 



q r-'lq-l"' '^ '"-Iq- 1 ~ Q 

We shall also use the weight -type generators defined by 



y, =^d,(a-i),,ff,. 



and the elements Li — e^^\ 

The Cartan antiinvolution lj : Uh(g) -^ Uh($) is defined on generators by 

LjiXf) = X^, LU{H,) = H„ Lu{d) = d, Lu{h) = -ft. 

Note that the algebra Uh(Q) / hUh(Q) is naturally isomorphic to U(g). 

Next following |4^, |3| Q and ^^ we recall the construction of the Cartan- Weyl 
basis for Uh{Q)- In order to construct such a basis one should fix an ordering of the 
root system A+. 

We say that the system A+ is in normal (or convex) ordering if its roots are 
totally ordered in the following way: («) all simple roots follow each other in an 



32 A. SEVOSTYANOV 

arbitrary order; (ii) each nonsimple root a + (3 E A+, where a ^ njS is situated 
between a and /3. 

Fix some normal ordering in A_|_ satisfying an additional condition: 

ai + nS < kS < {S — aj) + IS 

for any simple roots ai,aj G IIo, i,j ~ 1,... ,/, l,n > 0, k > 0. We apply the 
following inductive procedure for the construction of real root vectors X^ , 7 G A^'' 
starting from the simple root vectors X^.. — X^ , i = 0, . . . ,1. 

Let 7 G A'^ be a real root and a, . . . , 7, . . . , /3 the minimal subset in A_|_ con- 
taining 7 such that a < "f < (3 and j — a + p. Then we set 

X^ = [Xa,Xfi]^ 

if Xa and Xp have already been constructed. Here 

[X^,Xfj]^ = X„X^ - q^'^'f^XfiX^. 

When we get the imaginary root 6 we stop for a moment and use the following 
formulas: 

Xg — ei{ai)[Xai,Xs-ai]q, 

/■\ m 
Xa,+mS = £m{ai){~[aii]qj^"^{ad X'g ) Xa,, 

(i) "^ 
Xs-a,+mS = £m{cfi)i[aii]q,)^"^ia'd X g ) Xs_a,, 

-^ (m+l)S — Sm+l{(Xi)[Xai+mS,Xs-ai]q, 

for TO > 0, i = 1, . . . ,1, where {adx)y — [x,y] is the usual commutator, £^(0;^) — 
(— 1)™^("'\ and the function 9 : Hq = {ai, . . . ,a/} -^ {0, 1} is chosen in such a 
way that for any pair i,j, i ^ j such that (a^, aj) 7^ we have 0{ai) ^ 0{aj). 
Then we use the inductive procedure again to obtain other real root vectors 

o 

X-y+„5, Xs-'^+nS , 7 £A- We come to the end by defining imaginary root vectors 
-^nS ^^^ intermediate vectors ^'„j by means of the following (Schur) relations: 

(4.1.1) {q, - q-')E^^{z) - log (1 + fe - gri)iJ'«(z)) 

where E'^^\z) and E'^^'{z) are generating functions for X^^ and for X'^^g. 

s«(z) = 5:4:)z-«, 

n>l 

E'^'\z) = Y^X'^z^-. 

n>l 

The root vectors for negative roots are obtained by the Cartan antiinvolution 

to: 

X_^ ^oj(X^) 
for 7 G A+. 



For 7 ~ X]i=0 ^i'^i ^^ ^^^'^ 1"^^ 



I 
7^ = y^lidiHj. 

i=0 



Let Uh{vi+), Uh{n-) and Uh{i)) be the C[[/i]]~subalgebras of Uh(s,) topologically 
generated by the X^ , X^ , i = 0, . . . ,1 and by the Hi, i = 0, . . . ,1 and d, respec- 
tively. 
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Now using the root vectors X~^ we can construct a topological basis of C//i(g). 
Proposition 4.1.1. ([^, Proposition 3.3) The elements 

(-^/3i ) •■•(^/3p ) ^ 

where Ti > 0, ji — \,. . . , mult Pi, (3i G A+ are positive roots such that 

Pi < ... < Pp 

in the sense of the normal ordering, form a topological basis of C/h(Ti+)- 
The elements 

where Si > 0, ji = 1, . . . , mult 7^, 7^ are positive roots such that 

71 < • • ■ < 7p 

in the sense of the normal ordering, form a topological basis of Ut (n_ ) . 
The elements 

d* H*„° . . . Hj' , 

where ti, t>0, form a topological basis ofUh{i)). 

Multiplication defines an isomorphism ofC[[h]] modules: 

Uhin-) ® Uhi^) ® Uh{n+) -^ UhQ). 

We also denote by Uh{b±) the subalgebra in [/^(g) topologically generated by 
X^ ,i ~ 0, . . .1 and by the Hi, i — 0, . . .1 and d. Clearly, multiplication defines an 
isomorphism of C[[/i]] modules: 

Next we introduce analogues of the subalgebras U{n±) C U(q) and of the sub- 
algebras U{a), U{a) C U(q) for the algebra UhQ). 

First we define other root vectors X^ and X^ by the following formulas (see |Q): 

X^ ~ X^, X^^ ~ — ea;p(— /i7^)X_^, V7 £ A+, 

and 

X_^ = X_^, X., = ~X^exp(h-i^), V7 e A+. 

Denote by [/;i(n+) and f7h(n-) the subalgebra in f//i(5) topologically generated 
by the elements X„5_|_q,. , n e Z. i — \, . . . ,1 and Xni-ai n ^ Z, i = 1, . . . ,1, 
respectively. We also dehote by Uh{a) and Uh{a) the subalgebra in Uhid) topolog- 
ically generated by the elements XnS+at, n e Z, X^^' , r < 0, i — I, . . . ,1 and by 
XnS^ai, n e Z, Xll' , r > 0, i — I, . . . ,1, Hi, i — 0, . . . ,1, d, respectively. To 
construct topological bases for Uh{oi) and Uh(o.) we fix the following ordering in the 
root system A: 

71,72,- •■ ,7JV,-7i,-72,--- ,-lN, 

where 71, 72, . . . , 7a' is the normal ordering in A-|_ used in the construction of the 
root vectors X^ . 

The following proposition follows immediately from the results of p2[ on com- 
mutation relations between the elements X-^ and X^. 



34 A. SEVOSTYANOV 

Proposition 4.1.2. The elements 
where 

o 

Ti > 0, /3i e {a + 71(5, a GA+, n e Z} 

and 

/3i < . . . < /3p 

in the sense of the normal ordering, form a topological basis of Uh(n+). 
The elements 

where 

o 

Si > 0, 7i e {—a + nS, a eA+, n e Z} 
and 

71 < • • ■ < 7p 

in the sense of the normal ordering, form a topological basis of Uhiji-)- 
The products 

(4f^...(xJ^''))'■^ 

o 

where ri > 0, ji — I, . . . , mult (3i, (3i G {a + n5, a GA+, n G Z} U {r(5, r < 0} anrf 

/3i < . . . < /3p 

in the sense of the normal ordering, form a topological basis of Uh (ci) • 
The products 



(X(f ))''i . . . {X^3'''>y''d"'Hp . . . HI' 



prii 

"-7,' I '" -'-'0 ■■■^H ' 



where Si > 0, ji = 1, . . . ,mult ji, ji G {—a + n6, a GA+, n G Z} U {rS, r > 0}, 
m ,mi > 0, and 

7i < • • • < 7p 

in the sense of the normal ordering form a topological basis of Uh (a) • 
Multiplication defines an isomorphism of <C[[h]] modules: 

Uh{a)®Uhia)^Uh{g). 

One can also introduce another realization of the algebra Uh (g) , called the new 
Drinfcld realization, in which the elements Xj, X-^ € Uh(g), "f & A!jf and X^^ G 
Uh (5) play the role of generators (see U& ) . Namely we have 



Proposition 4.1.3. ([^, Theorem 7.1) The algebra Uhio) is isomorphic to the 
associative algebra topologically generated by elements X^^,r G Z, Hi^rif G Z, i = 
1, . . .1, K, d with relations given in terms of the generating series 

Ki = exp{dihHi^o). 
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hy 






$±(m)$±(«) = $±H<I>±(u), 
K is central , 

<i>r(u)X±(«)$r(^)-i=5,^.(M^)±iX±(«), 



{u - vq^''^^)Xf{u)Xf{v) = {q^^^^u - v)Xf{v)Xf(u), 



Xt(u)X-{v) X-{v)Xt{u) = ^ (5(^)<I>+Kf ) - S{^)^riuq^)) , 



l — aij 



Z^TreSi-a- Z^fc=0 V 1) 



1 - a,: 



X^ (z^(l))...X, (z^(fe))X^- (w)X, (z^(fc+i))...X, (z^(i_a,^.)) = 0, i^j, 



1 o -^ z 

_, g~ '^ G C[[/i]][[z]] and Sn is the symmetric group of n 



where g^j{z) _ 

I — q '-' z 
elements. The isomorphism is explicitly given by 



(4.1.2) 






-A - — --^nS-l-aj 



Sometimes it is convenient to use the weight-type generators Yi^r^ 



^*,r = '^{a'')jHk,r, <j = -[raij]q,, i,j ^l,...l. 



fe=i 



The generators X^^,Hi^r correspond to the elements X^ z^,HiZ^ of the afhne 
Lie algebra g in the loop realization (here X^,Hi are the Chevalley generators of 
0)- 
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4.2. Verma and Wakimoto modules over afRne quantum groups. In the 

h-adic case the definition of Z-graded modules is shghtly different from the stan- 
dard one. A complete topological module V over C[[h]] is called Z-graded if it is 
isomorphic to the h-adic completion of the direct sum (BnezVn, where 14 C ^ is the 
subspace of elements of degree n. A topological algebra A over C[[/i]] is called Z- 
graded if, as a C[[/i]] -module, it is isomorphic to the h-adic completion of the direct 
sum ©ngz^n, where An C A is the subspace of elements of degree n, and multipli- 
cation in A defines maps A„ (g) A^ — > An+m- A complete topological module V over 
Z-graded topological algebra A is called Z-graded if it is Z-graded as a topological 
module over C[[h]] and the action of A on y defines maps A.^ x Vm — > Ki+m- A 
morphism ip : V ^ W oi Z-graded topological modules V and W over Z-graded 
topological algebra A is a C[[/i]] -linear map commuting with the action of ^ on T^ 
and W such that <f{Vn) C W„ for any n e Z. 

The category of left (right) Z-graded topological modules over a Z-graded 
topological algebra A with morphisms being morphisms of graded topological A- 
modules is denoted by ^ — mod (mod — A). For both of these categories the set 
of morphisms between two objects is denoted by Hom^(-, •). For M, M' S Ob A — 
mod (Ob mod — A) we shall also use the space of homomorphisms hom.A{M, M') of 
all possible degrees with respect to the gradings on M and M ' defined as the h-adic 



completion of the space 0^g^Homyi(Af, Af (n)) (see Section LI for the definition 
of this space) . 

All the results presented in Section |l| for graded associative algebras and modules 
hold for complete topological graded algebras and modules if morphisms of modules 
are understood in the h-adic sense. In particular, Verma and Wakimoto modules 



over the algebra UhQ) are defined similarly to the Lie algebra case (see Section 2.2). 
One should apply the general scheme of Sections |l.6| and |l.7| , taking into account 
that the algebra UhCo) is naturally Z-graded, deg(-ffi) = deg(9) = for i = 0, . . . ^ 



deg(A'j^) — 1, deg(Arj ) = —1, and satisfies conditions (i)-(viii) of Sections 1.1, 1.2 



L6| and with 7V± = Uh{n±), H = £//,([)), Aq = [/^(a), A^ = Uh{a). 

In this paper we only need Verma, contragradient Verma and Wakimoto mod- 
ules over Uh(S) corresponding to a very special set of characters A : C//i(f)) ^ C[[/i]]. 
To introduce this set we note that the algebra Uh{^) is isomorphic to f/(())[[ft.]]. 
Let A : f) ^ C be a character. This character naturally extends to a charac- 
ter A : Uh(^) -^ C[[/i]]. We denote by M^(A), Mh{\Y and ^^^.(A) the Verma, 
the contragradient Verma and the Wakimoto module corresponding to this char- 
acter. Observe that the t/(0)-modules M,,(A)//iM,,(A), Mh{\Y /hMh{\Y and 
Wh{^)/hWh{X) are naturally isomorphic to M(A), M{\Y and W{\), respectively. 

Let y be a C//j(g)-module. One says that V admits a weight space decomposition 
if, as an f/(f)) -module, V is isomorphic to the h-adic completion of the C/(f)) module 

where 

[VY = {veV : h-v = r]{h)v for any h e U{t))} 

is the subspace of weight i] in V. Here U{1)) is regarded as a subalgebra in Uii{i))- 
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If all the spaces 1^ are finite-diniensional over C[[/i]] then one can introduce the 
formal character of V by 

ch(F) = Y^ dim((F)„)e''. 
vet)" 
From the definitions of the modules Mh{X), Mft(A)^ and Wh{X) and Propositions 
[4.1. 1| , [4.1.2 it follows that they have the same weight space decompositions and the 



same characters as in the nondeformed case. 

Clearly, any Uhis) module V is always reducible. It contains proper submodule 
hV. Therefore it makes sense to change the definition of reducibility for Uhis)- 
modules. We shall say that an C//i (g)-module V is reducible if it contains a proper 
submodule V such that the image of V' under the canonical projection V -^ V/hV 
is a nontrivial C/(5)-module. 

The problem of reducibility of Verma, contragradicnt Vcrma and Wakimoto mod- 
ules over the algebra UQ) is completely settled in the following proposition. 

Proposition 4.2.1. ([|o|, Theorem 2.4) The U{Q)-module Mh{\) {Mh{\Y) is 
reducible if and only if the corresponding U(Q)-module M{X) is reducible, i.e. iff 

2(A + p,a) — n{a, a) 

for some a G A_|_, n £ N. In this case Mfi{X) (Af/j(A)^) contains a singu- 
lar (cosingular) vector of weight A — na. 

We also note that the composition of the canonical maps 

gives the Shapovalov form of Mh{X). Therefore we obtain the following corollary 
of the previous proposition. 

Corollary 4.2.2. The module VF;i(A) is reducible iff M{X) is reducible. Moreover 
Wh{X) has singular and cosingular vectors of the same weights as the singular vec- 
tors ofM{X). 



Using Proposition 4.2.1 and Corollary 4.2.2 we conclude that all the statements 



about Wakimoto modules over [/(g) with highest weight of finite type may be 
carried over to the deformed case. Here we only formulate analogues of Proposition 
2.3. 2| and Corollary 2.3.4 for [//i(0). The proofs of these statements are quite similar 



to those in the nondeformed case 

Denote by Uh{Q[z\ -\-£.K -\-£.d) the subalgebra in t/h(?) topologically generated by 
X,j , i = 1, . . . Z, Xq and by the -ff^, i = Q, . . .1 and d. Let Uh^q) be the subalgebra 
in C//i(0) topologically generated by X^, i = 1, . . .1 and by the Hi, i — 1, . . .1. 

Proposition 4.2.3. Let A : () — > C &e a character of finite type. Then the canonical 
map 

Wh{x) -^ Mh{\y 

is an isomorphism of Uh(8)~rnodules. Let Mh{Xo)'^ be the contragradicnt Verma 
module over Uh{8) of highest weight Xq — X\t).This module is uniquely extended 
to a Uhislz] + CK + Cd)-module (Af/i(Ao)^)fc^A(a) *^ such a way that K and d 
act by multiplication by k = X{K) and by X{d), respectively. Then both M/i(A)^ 
and Wh{X) are isomorphic to the induced representation UhQ) (i^UhisM+CK+Cd) 
iMh{Xor)k,MO), 

MhiXy = WhiX) = Uhis) (^uUs[z]+cK+cd) {MhiXoy)kMd)- 
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To formulate the quantum group analog of Corollary 2.3.4 we first recall that, 
according to Theorem 3.3 in |50|, for the finite-dimensional irreducible representa- 
tion Lh{Xo) of the algebra Uhis) with integral dominant highest weight Aq one can 
define the Bernstein-Gelfand-Gelfand resolution by contragradient Verma modules 

Mh{w{\o + po) - poY over Uhid), 

-> Ci(Ao)^---^ <''""+ (Ao)^O, 

CliXo) = ®^^wi'^ Mh{w{Xo + po) - PoV, 

where W^"^^ C M^ is the subset of the elements of length i of the Weyl group of q 
and Po = hYl ° ct- 

Corollary 4.2.4. Let X be a character of I) of generic level k such that Aq = Ajf, is 
an integral dominant weight for g, i.e., Aq £ P^ , where P+ ~ {X G t)* : X{Hi) £ 
Z+, i = !,...?}. Let Lfi{Xo) be the irreducible finite-dimensional representation of 
Uhid) with highest weight Aq and denote by C*(Ao) the Bernstein-Gelfand-Gelfand 
resolution of Lh{Xo) by contragradient Verma modules. Then the induced complex 
of Ufi (5) -modules 

0^i^i(A)->...^i^;:'-"+(A)^0, 

D'hiX) = ®^^w(^) Uhig) (SuUslz]+CK+cd) {Mhiw{Xo + po) - PoY)k,X{d) 

is a resolution of the induced representation Uh^Q) ®Uh{3[A+'CK+cd) {Lh{Xo))k,\{d) 
by Wakimoto modules, i.e. 

DIW= W,Aw{X + po)-po), 
weww 

where the Weyl group W is regarded as a subgroup in the affine Weyl group of the 
Lie algebra q. 

4.3. Bosonization for Uh{5i2)- In this section we recall, following [^ g, the 
bosonic realization of the Wakimoto module in case of the algebra Uh{5l2)- 

Let A: be a complex number. Let HJ^ be the topological algebra over C[[h]] 
topologically generated by elements an,bn,Cn,Qa,Qb,Qc, n G Z satisfying the 
following commutation relations: 

[2n]^ [{k + 2)n]^ 

[an, O-m] = 5n+m.O , [oo, Q a] = 2(fc + 2), 

n 

\2n\ \2n] 
(4-3.1) [6„, 6„] = -5„+„.oLJl^J« , [5o, QJ ^ _4, 

n 

[M„ [Mn 
[C„, Cm] = ^n+m.O , [co, Q c] = 4, 

n 
and all the other commutators of the elements a„, 6„, c„, Qa, Qb, Qc, n El^ vanish. 
For the elements a„ we introduce formal generating series a[L; M, N\z] a) car- 
rying parameters L, M, iV G N, a G C, 

aiL;M,N\z;a)= - V r^^f^.-V"'" + ^ log. ' "^^^ 



Z^[Mn]\Nnl "^ MN ^ A/iV 
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We define generating series b{L; M, N\z; a) , c{L; M,N\z; a) in the same way. 
In case L = M we also write 

a{N\z;a) = a{L; L, N\z;a) 

and similarly for b{N\z;a) , c{N\z;a) . 

We define a g-difference operator with a parameter n € N by 

For p 6 C[[ft.]], s G C we define the Jackson integral by 



/>soo 00 

•^0 ^„ — _ ,^^ 



m— — 00 



We also denote by : • • • : the normal ordered product of elements of H^^ in which 
the elements a„, 6„, c„, n > stand on the right. 



Proposition 4.3.1. ([p9l, Proposition 3) LetHh be the algebra overC[[h]] topo- 
logically generated by elements a„, 6„, c„, Vq — exp( '^''j^'^° ), Vq — exp(— ^^^^i^): " G 
Z, where a„, 6„, c„, Qb, Qc satisfy commutation relations \l.3.1 ). Denote by Ti{Xo)h 



the representation space for the algebra H/j topologically generated by the vacuum 
vector v\g satisfying the following conditions 

an • wao = for n > 0, 
bn • wao = for n>0, 
Cn • wao = for n > 0, 
ao ■ vxo = AqWao- 
Let k 7^ —2. Then the Fourier coefficients of the generating series 
H — oq + bo, K — k, 

°° / 2 2 r> \ 



$+(z) =: cxp \ {q - g-i) ^(^"an + g^^"&„)z"" + /i(ao + bo) 

[ ri>0 
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■ q^^^'^bn)z "-/i(ao + 6o) 



$-(z) =: exp I -{q - g-i) ^(g^"a„ 

X+{z) ^ -z:[ id:, exp{-c(2|g-'^-2^;0) }] x exp {- 6(2|g-'''-2^; l) } :, 

X-{z) = z:[ k+2d, exp { a{k + 2|g-2z; -^) + fe(2|g-'=-2^; -l) 

+ c(fc + l;2,fc + 2|g-'=-2^;0)}] 

xexp{-a(fc + 2|g-22;^) + c(l; 2, fc + 2|9-''-2^; o) } : 
are well-defined operators in the space 'H{\o)h o,nd satisfy the defining relations of 



the algebra Uh{B\.2) in the new Drinfeld realization (see Proposition ^.l.o) 



We denote by M^/i(Ao,A;) the representation of the algebra Uh{5l2) in the space 
'^(-^o)/i constructed in the previous proposition. 

Proposition 4.3.2. Let \:\] ^> C be a character of the Cartan subalgebra t) of the 
Lie algebra 5(2 such that X{H) = Aq, X{K) ~ k, k ^ —2 and X{d) = 0. Denote the 
natural extension of X to a character X : C//i(f)) —> C[[h]] by the same letter. Suppose 
that X is of finite type. Then the Uh{5l2)~iT^odule Wh{Xa,k) is isomorphic to the 
Wakimoto module Wh{X). In this case both Wh{Xo,k) and Wh{X) are isomorphic 
to the contragradient Verma module Mh{X)^ . 



Proof. The proof of this proposition is similar to that of Proposition 2.4.2 in the 
nondeformed case. We only note here that the module Wh{Xo,k) may only have 
cosingular vector Vq° ■ v\g when Aq G Z-|_. 

D 
In conclusion we recall the definition of screening operators which are certain in- 
tertwining operators between Wakimoto modules Wh{XQ,k). First we introduce 
an operator 14, : T-l{Xo)h -^ 'H{Xo — 2)/; that sends the vacuum vector vxg of 
W(Ao)/i to the vacuum vector wao-2 of 7^(Ao — 2)^, intertwines action of the el- 
ements bn,Cn, Vq , Vq , n G Z and commutes with a„ as follows 



Proposition 4.3.3. ([^, Proposition 4) The operator Sh — Jq°° Jh{w)dpt,p — 
q2(k+2) ^ S*/! : Wh{Xo,k) -^ W{Xo — 2,k)ii, where the generating series Jh{w) is 
defined by 

Jh{w) = - : [ i5™ exp{-c(2|r7-'=-2^;0) }] exp {- 6(2|r7-'=-2u;; -l) } : 

(CKj \ / 00 



is a homomorphism of Uh{sl2) modules. 

The operator Sh is called a screening operator. 
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5. Deformations of W-algebras 

5.1. Coxeter realizations of afflne quantum groups. The generalization of 
Definition ^ of W-algebras to the case of quantum groups is not so direct. The 
main problem is that the natural deformation Uh{n+) C UhCo) of the subalgebra 
f/(n+) C U(q) introduced in Section ^]l] has no nontrivial characters (see Q for 
details) . In order to overcome this difficulty one needs to introduce other quantum 
group counterparts of the subalgebra U{n+) having nontrivial characters. These 
counterparts naturally appear in the so-called Coxeter realizations of the quantum 
group UhCo) introduced in ||5^. Below we recall the definition of these realizations 
following |56[ . 

Let Uii(g') be the subalgebra in Uhis) topologically generated by elements Hi, X^ , 
X~, i — 0, . . . ,1. Fix fc G C and denote by Uh(g')k the quotient of the algebra 
Uhis') by the two-sided ideal generated by K — k. Let Uh(s!)k be the restricted 
completion of the algebra Uh(^')k- 

Let Ah be the free associative topological algebra over €-[[h]] topologically gen- 
erated by the Fourier coefficients of generating series 

(5.1.1) 

and by elements Hi,i = 1, . . . ,1. Introduce a Z-grading on the algebra A^ by 
deg(ei^„) = ht{nS + Oi) for i = 1, . . . , Z, n > 0, deg(ei^„) = —ht{—nS — ai) for 
i == 1, . . . , /, n < 0, deg(/i,„) = ht{nS - ai) for i ^ 1, . . . ,1, n > 0, deg(/i^„) = 
—h.t{~nS+ai) for i = 1, . . . ,1, n < 0, deg{Ki,±n) ~ ±ht{n6) for i = 1, . . . ,1, n > 0, 
deg{Hi) = for i = 1, . . . , /. We denote by Ah the restricted completion of Ah- 

Denote by Si the symmetric group of I elements. Fix an element tt G S'j and 
denote by Fij{z), i, j = 1, . . .1 the Taylor series in formal variable z given by 



(5.1.2) F,,(z) = \ _ ;. , ay ^ 0, 



_zq^' 
\~zq^ 



(5.1.3) F,,{z)^q'^\ a,, =0, 
where the coefficients n^ G C satisfy the equations 

(5.1.4) diU-ji- djUij = Eijbtj, 
and the matrix ef , i, j = 1, . . . ,1 is given by 

r -1 n-\^) < 7T-\j) 

(5.1.5) 4 = S *^J 

[ 1 n-\i) > 7T-\j) 

If we associate to the element tt G 5; a Coxeter element St^ of the Weyl group W 
by the formula Stt — s„(i) . . . S7r(i) then Lemma 3 in [Q shows that the coefficients 
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Sijbij are the matrix elements of the Caley transform 



t)* —>■ t)* in the basis of simple roots, 

'1 + S77 



l + ^TT 
1 - S^ 



of the operator s^ 



(5.1.6) 






We shall also use the following formal power series: 

G,,{z) ^ M,j{zq-^')M,j{zq'')~\ 
F-^{z)^F,,(zq^^). 

Let U^\(q') be the quotient algebra of the algebra Ah by the two-sided ideal 
topologically generated by the Fourier coefficients of the following generating series: 

Kf{u)Kf{v) - Kf{v)Kf(u) , Kf(u)Kf{u)-^ - 1 , Kt{u)"'Kt{u) - 1 , 

FliHj — HjHi, 

H,Kf{v)~Kf{v)H,, 

Kf^Q - exp{±hdiHi), 

Kt{u)KJ{v) - G,,{l)KJ{v)Kt{u), 

[Hi,ej{u)] - aijej{u), 

K+{u)e,{v) ~ Nh,{l)e,{y)K+{u), 

K-{u)e,{v) - M,,(H)-ie^.(«)i^-(u), 

K;{u)f,{v) - M,,{^)f,{v)K-{u), 

{u - vq''^-^^^^)[e,{u),ej{v)l 

{u - vq-'^^)Fr^{^)Mu).f,{v) - [q-^^^u - v)Fr^{^)f,{v)U{u), 



z-^-neSi-a- ^fc=o ( -*- 



I -a. 



1 ip<q ^ii ( z„(p) ) 1 lr=l ^3^ \ z^(^) > 



WsJk+1 P^ji^)e^iz^{l)) ■ ■ ■ e^iz^(k))eJiw)e^{z„(^k+l)) ■ ■ ■ e^iz„(l-a,,)), i + j, 
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l-Oi 



Z^7rGSi_„.. Z^k=Q \ ^) 



1 - a,. 



'^2L(al\ n^ 



1 [p<q ^ii V z„(p) / 1 lr=l ^ ji \ z„(,.) ) 



rl-a 



Y{s=kU ^tj (^)/»(^^(l)) • • ■ MzMk))fjiw)ft{z^(k+l)) ■ ■ ■ MzTTil-a,,)), i ^ i, 



Note that this ideal only depends on skew-symmetric combination ( 5.1.4 ) of the 
coefficients riij, and hence by ( 5.1.6 ) the algebra C/^\,(g') only depends on the 
Coxeter element s^ £ W. 

We show that the algebra U^\(q') is a realization of Uh(Q')k- 



Proposition 5.1.1. ([p6l, Proposition 8) For every solution of equation (5.1.4) 
and every solution n[- G C[[/i]], r ^ of the .system 

(5.1.7) 



1 



(".7 - ",%)9-^ - n-:n^,, r{B^U{r ~ I'n = -ir^' " cT'^^'-n^r e N, 

where i?[- — q^^'^ ~q^'''^^\ there exists an isomorphism of algebras V'{„} : U^'i^Cq') 
Uh(9')k given by : 

^{„j(/.(z.)) = $oW-i^-(^^fc){"}-i^-(^)$+(^^-fe){"}-i^ 

(5-1-8) V^w(if,±(z.)) = Kf'expiEZ, ±fe - gr')^^±«9-*"^^- 

yj-±,n„-,±,((7'='^-g-'=0uT^), 

where <i>^ , $^ (u) , <i>,^ (u) are defined by 



(5.1.9) 



ci>±(«){"> = exp (Er=i >S-,±. n^^^"-) 



i>°^"^ = n;=i i; 



The algebra f/^'fc(fl') is called a Coxeter realization of C/h(0')fe- 

Let C/^'(n+) C U^'kis') ^'^ *^^ restricted completion in U^'f.Cg') of the subalgebra 

of U^\(g') topologically generated by the Fourier coefficients of the series ei{u), i = 

1, . . .1. The defining relations in the subalgebra t/^" (fi-i.) are 

(5.1.10) (u-<"^''-)[e^("),ej(t^)] =0, 



(5.1.11) 

7reSi_„.. Z^fe=0 V ^) 



1 - a,; 



1 ip<q ^" ( z^(p) ) 1 lr=l -^J« ( z^(^) ) ' 



rl — a. 



ns=fe+i ^»j(^)e*(^,r(i)) ■ • • e^{z^(k))ej{w)e^{z^^k+l)) ■ ■ ■ e»(z^(i-a.,)) = 0, i / j. 
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Clearly, the algebra U^'^ {h+)/hU^"' {n+) is isomorphic to the restricted completion 
of the algebra C/(n+). 

The subalgebra t/^" (n+) was introduced in Q in order to define quantum group 
counterparts of nontrivial characters of the subalgebra U{n+) C U(g). Some com- 
mutative elements in the algebra Uh{siN) similar to the Fourier coefficients of the 
generating series V'{„}(ei(u)) were also constructed in |f3[ . 

Proposition 5.1.2. The map x^ ■ U^' {n+) -^ C defined by x^ {ei{u)) = ipi{u),i = 
f , . . . ,1, where Lpi{u) G C[[/i]]((u)) are arbitrary formal power series, is a character 
of the algebra [/^''(n+). 

5.2. Definition of deformed W— algebras, fn the previous section we defined 
the quantum group counterparts U^^' {n+) of the algebra U{n+) having nontrivial 
characters. Let Xh '■ t/^''(n+) — > C be the charact er of the algebra {/^''(n+) such 
that Xhieiiu)) — u, i — 1, . . . ,1 (see Proposition ^.1.2 ). We denote by C^,^ the 



corresponding one-dimensional representation of the algebra f7^'"(n+). It would 
be natural to define the deformed W-algebra corresponding to the affine quantum 
group Uh(s') as the semi-infinite Hecke algebra of the triple {Uh{Q')k, U^" (n+), Xh)- 
However the algebra C/^''(n+) C [^^"^(5') is the restricted completion of the sub- 
algebra C/^''(n+) C Uh'kid') topologically generated by the Fourier coefficients of 
the series ei{u), i — I, . . . ,Z. Therefore there is no any nontrivial triangular de- 
composition in the algebra [/^'(n+). This implies that this algebra does not satisfy 



conditions (i)-(vi) of Sections l.I and 1.2, and hence the semi-infinite Tor functor 



for U^"{n+) and the semi-infinite Hecke algebra of the triple {Uh(Q')k, U^" {n+) , Xh) 
do not exist. 

In order to overcome this diffi culty w e shall consider the subalgebra U^" (H-i^) C 



Uh(9')k- The defining relations ( 5.1.10 ) of the algebra U^'' (n+) only contain com- 
mutators. Therefore U^''{n+) is the universal enveloping algebra of the Lie algebra 
n^ topologically generated by the Fourier coefficients of the series ei{u), i — I, . . . ,1 
subject to defining relations ( ^.I.10| ). The Lie algebra n^ is Z-graded, n^ = 
®nGz(n+)n- Denote the subalgebras ®„>o(n+)n and ®n<o(ft+)n by (ti^)+ and 
(n'j:)", respectively. Then multiplication in t/^" (fi+) defines an isomorphism of vec- 
tor spaces, t/,^'(ft+) = iU^-in+))+ ® (U^^ {n+))- , where (U^^ in+))+ = U{{n1)+) 
and(C/^'(ft+))- = C/((fti)-). 

Note that the quotient algebra C/^"(n+)//iC/,j''(n+) is not isomorphic to C/(n+) 



since the Serre relations ( 5.1.11 ) are not satisfied in C/,^''(n+). 

The algebra Uh (Q')k inh erits a Z-grading from Uhis') and satisfies conditions 
(i)-(vi) of Sections 1.1, n]2, with the natural triangular decomposition Uh(8')k = 



Uh{b'_) ® C//i(n+), where Uh{b'_) is the image of the subalgebra of Uhis') generated 
by X~ and Hi, i — 0, ... ,1 in the quotient Uh(0')k- Hence one can define the 
algebra UhQ')l and the semi-infinite Tor functor for Uh(S)k- 

Now we shall define deformed W-algebras. Fix a solution Uy of equations (5.1.4) 



and a solution n[ , r ^ of the system (5.1.7) such that n[- = (mod h). Such 



y 



solutions exist. For instance, one can put n[ = for r < 0. Then equations (5.1.7) 
yield rf,^ = -lq^(if^ij _ g'"'^."j ''•j ) for r > 0. 
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Consider the functor 

: iUh(Q')k - mod)o -» Vectk, 



(5.2.1) 



-X;.«5(C7^'(n+))- 






where the operation 'Sy't ifi^,f^^ii~ is defined with the help of formula (1.3.1). 

Definition 4. The algebra 

(5.2.2) 

w^- (0) =hom^^(^,),(c,, ®[g:!^:j!- ^t/.(S').>c,, ®;g:!^:;!' ^^.tsoj- 

is called the deformed W-algebra associated to the complex semisimple Lie algebra 
0- 



Since Serre relations ( 5.1.11 ) are satisfied in the representations Sij^qi\^ and 
C^^ regarded as a left (right) module over the subalgebra U^^" {n+) C Uh(Q')k the 
quotient algebra WI\{q) / hWl\{Q) is isomorphic to Wkio)- 

Now we introduce the semi-infinite cohomology spaces for C/^(0')j. -modules from 
the category {Uh(Q')k — mod)o with respect to the subalgebra U^" {n+) C Uh{Q')k- 
These semi-infinite cohomology spaces have natural structures of PF^'5j(£|)-modules. 

We shall define the semi-infimte cohomology for [/^(g')^ -modules from the cate- 
gory {Uh(2')k — mod)o with respect to the subalgebra C/^''(n+) as a derived functor 
of the functor ( ^.2.1 ) . In order to define this derived functor we shall introduce a 
suitable class of resolutions for objects from the category {Uh(Q')k — mod)o. 

Proposition 5.2.1. Let C//i(n+)+ C Uh(§)k be the subalgebra topologically gen- 

o 

crated by the elements X-y — X^, "f £ {a + nS, a eA+, n > 0}. Then every 
Uh(8')k^'rnodule M from the category (Uhls')k — mod)o has a semijective resolution 
S*{M) S Kom((C/^(5')fc — mod)o) with respect to the subalgebra Uh{n-^)^ ■ This 
resolution is unique up to homotopy equivalence. 



Proof. We shall apply Theorem |l.4.4 and Proposition 1.4.8 to the algebra Uh(Q')k, 



the subalgebra Uh{n+)^ C Uh(5')k, and the categor y {Uh {0')k — mod)o of left 



Uh(3')k-^^odu\es. Note that the conditions of Theorem 1.4.4 are satisfied for these 
data. 

Indeed, let M e {Uh(0')k — mod)o be a left Uh(Q')k~^^odu\e. Then M is a sub- 



module of the left t//i(g')fc -module M' S (C/;i(g')fe— mod)o defined by formula ( 1.4.1 ) 
with B^ = Uh{b-). By Proposition [4. 1 . l| M' is isomorphic to homc[[/i]](t/h(n+), M) 
as a left [//i (1x4.) -module. Now observe that by Proposition [4.1.l| we also have an 
isomorphism of right f/;i(n+)+-modules, Uh{n+) = Uh{n+)~ (g) C//i(n+)+, where 
Uh{^+)~ is the subalgebra in Uhin+) topologically generated by the elements 

o 

Xj, 7 G {—a + n6, a GA+, n > 0}. This implies that M' is also injective as 
a Uh{n+)~^ -module 



Now let P be the C/;i(0')fc-module defined by formula ( |l.4.2| ) with N+ = Uh{n 



Then M is a strong quotient of P with respect to Uh{n+). Since [/h(n+)+isa 



subalgebra in Uh(n+) the C/;i(n+)-splitting s : M ^f P defined by formula ( |l.4.3D 
is also a C//i(fi+)+-splitting. Therefore M is a strong quotient of P with respect to 
Uh{n+)+. 
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Now Proposition 5.2.1 immediately follows from Proposition 1.4.8 



D 
Now let M £ {Uh(Q')k — mod)o be a left C/h{5')fe~inodule. We define the semi- 
infinite cohomology space H^^'{U^-J' {^+)y M) of M with respect to the subalgebra 



-(C/-(fi+),M) =i/-(C^, ^S?Sfi+l!- ^'(^^))' 



[/^''(n+) as the cohomology of the complex ' 

(5.2.3) i7^ 

where S'{M) G Kom((J7^(g')fe — mod)o) is a semi jectiv e resolution of M with 
respect to the subalgebra C//i(fi_|_)"'". By Proposition 5.2.1 this definition does not 
depend on the resol ution S*{M). 

Definition ( 5.2.3 ) of the semi-infinite cohomology spaces is motivated by the 
following theorem. 

Theorem 5.2.2. Let M e {Uh(§)k — mod)o he a left Uh(Q')k -module. Then the 
algebra W^\{q) naturally acts in the space _ff "2"+*(C/^j"(n+), M), 

(5.2.4) Wllio) X i7^+-([/,^"(fi+),M) ^ if^+-(C/,^(ft+), Af). 

This action respects the gradings of W^\{q) and H~^*{Uj' {n4^),M). 

To prove this theorem we shall realize the algebra W^\{q) as zeroth cohomology 
of a certain differential graded algebra which naturally acts on a standard complex 
for calculation of the semi-infinite cohomology space H^^'{U^'" (fi+), M). 

Proposition 5.2.3. The algebra W^\{q) is isomorphic to the zeroth cohomology 
of the differential graded algebra 



end' ,_,a 



(C,.«JS:!-!!:Bar^ 



^^^K{{mod-UH.Q')i)o)^'^^'^ 



_Bar^+'(C/,(5')l,[/,(H+),V(i')J)' 



(5.2.5) Y' - ...^^^^^,^, ,^x^ ^^^.„^.^j^_ 

The nonzeroth graded components of the cohomology of this differential graded al- 
gebra vanish, 

Proof. First observe that the cohomology of the differential algebra Y* is isomorphic 
to the algebra 

.K' ("+))' 

see |8[, III.6.14. 
Next, the complex 

'^XH «'(;7='(ft+))- 
is semijective with respect to the subalgebra Uh (n+) by the definition of the complex 

Now observe that by Proposition 1.4.9| Theorem 1.4.4 holds for the algebra 
Uh(Q')l., the subalgebra Uh{n-^-) and the category (mod — Uh($')\)o. Since the com- 



'iUf,(s%Uhin+),Su,c,'h) e Kom((mod - C/„(?')i)o) 



plex C^;. < 



jGKom((mod-(7,(?)l)o) 



is semijective Theorem 1.4.4 implies an algebraic isomorphism, 



^^'^K({mod^UuQ')i)o) 



(Cx. ®Sa^S;y!- Bar^+-(L/,(?)«,C/,(H+),5i 



Uh(B')k 



)) 



end' 



ri((mod-C/fc(B')j3)o)^ X 



(Cx. 



i[up^XBa^^^'iU,S')lu,in+),Suu^,>)J). 
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Similarly to Lemma A5.1 in [ p8[ one can establish an isomorphism of complexes 
of right C//i(5')|-modules, 

Bar^+-(C/,(g')Lt/,(n+),C;,, «!?(«!))- ^^'.(S')J- 
By Proposition 1.4.13| the last complex is a semijective resolution of the right 



f^fc(?)l-module C^, ®J^5,j;j+JJ_ 5c/^(g,),. In particular, 

i/-(Bar^+-([/,(0Oi,C/.(n+),C,,®;gJ^;»:5t.,(5oJ) = C;,,^;g;^;»:5^,(5,) 

This implies that 
(5.2.6) 



iJ-(r-) = end- ,,_^ ,,,,;. ,(C,, ®%Z{Tjt Bar^+-(t/.(?)«,C/.(n+),^^,(s,)J) 



+ 



eild^((mod-C/.(i')«)o)('^X. ®(C/^(fi+))- ^t/.(i')J)' 

and 



ij°(y) = end^„,3,. (c,, «!S!~:!!- V(i')j)- 



To prove the second part of Proposition 5.2.3 we shall use the following lemma 



Lemma 5.2.4. Let X* be a complex of complete <C[[h]]-m.odules. Denote by X' 
the quotient complex X*/hX'. Suppose that H'^{X*) — for some n ^ Z. Then 

Proof. Let Xh G XJ^ be a cocycle, i.e. dhXh — 0, where dh is the differential in X*. 
We have to prove that Xh — dhijh, Vh & ^h^^- 

Denote by d the differential in the complex X' and by x G X" the element 
a;h(mod h). Since dhXh = we have dx — 0, and hence x — dyi, yi S X^~^ 
because H"'{X*) = 0. Since the operator dh coincides with d (mod h) we also 
obtain that x^ — duyi = hx\, where x\ £ XJ^ and dhx\ = 0. Now we can apply the 
same procedure to xj^. If we continue this process we shall finally obtain an infinite 
sequence of elements yi & X"^^^ such that Xh — J27Li dhVi = (mod /i™+^). Since 
the space XJ^ is a complete C[[/i]] -module the series dh{J2^i Vi) converges to xu- 
This completes the proof. 

D 



Now observe that isomorphisms (5.2.6) and Proposition 1.5.1 imply that H'{Y* 



Hk-+'([/(0')fe, C/(n+), Cx) (mod h). Therefore the algebra Hk^+'(t/(0')fc, C/(n+), C 

may be calculated as the cohomology of the differential graded algebra Y' /hV . 

Now by Proposition |3.1.2|g^°(y /fay*) = 0. In order to prove that H^^{Y') = 



it remains to apply Lemma ^.2.4| to the complex Y' . 

U 
Next we define a standard complex for calculation of the semi-infinite cohomol- 
ogy space i7^+'(C/^'(ft+),M). 

Lemma 5.2.5. Let M g {Uh{0')k — mod)o be a left Uh(Q')k — mod-module. Then 
the semi-infinite cohomology space H~^*{U^" {n+),M) may be calculated as the 



48 



A. SEVOSTYANOV 



cohomology of the complex 



(5.2.7) 



C. 



^1?!^:!!- Bar^+-(L/.(0')i,C/.(H+),5^,(3,)J ^;;^\ M. 



Uh(bL) 



Proof. To prove this lemma it suffices to show that the complex 



Bar^+'(C/„(fl')Lc^/.(H+),^, 



Uh{3')kt 



UhibL) 



M 



is a semijective resolution of M with respect to the subalgebra Uh (n^ 
of this fact is similar to that of Proposition 2.6.4 in p8|. 



The proof 



D 



Proof of Theorem 5.2.L Theorem 5.2.2 



follows from the fact that the differential 



graded algebra (5.2.5) naturally acts on the complex (|3.2.7). By Lemma 5.2.5 this 



action induces an action of the cohomology of the differential graded algebra Y' on 
the cohomology space i/~+*(C/,j''(n+), A/). In particular, by Proposition 5.2.2 the 
restriction of this action to the zeroth cohomology of Y* induces action (5.2.4). 

D 

5.3. Resolutions and screening operators for deformed W algebras. In 

this section we construct the resolution of the vacuum representation of the algebra 
W^\{2) similar to t he r esolution of the vacuum representation of the algebra Wk{g) 
defined i n Sect ion 3.2. We suppose that the level k is generic. Recall that by 
Theorem 5.2.2 the algebra W^\{q) acts in the spaces 7J^+*(C/^''(n+), M), where 
M e {Uh{s')k — mod)o- In particular, for every left [//^(g') -module M e (t//i(0') — 
mod)o such that the the two-sided ideal of the algebra UhQ') generated hy K — k 
lies in the kernel of the representation M the algebra W^\{g) acts in the space 

Let Afe : f) ^ C be the character such that Ajf, =0, X{K) — k and X{d) — 0. De- 
note by Vkji the representation of the algebra Uh(Q) with highest weight Xk induced 
from the trivial representation of the algebra Uh{g), Vk = Uhis) (i>Uh{slz]+CK+Cd) 
(i/i(0))fe_o- VkM is called the vacuum representation of C//i(5). The VF^'^(0)-module 
H^'^*{U^^"' {n+), Vk^h) is called the vacuum representation of the algebra W^\{2). 
The space H^'^'{U^'' {h+),Vk,h) may be explicitly described using the resolution 



of the C//i(0) -module Vk,h by Wakimoto modules constructed in Corollary |4. 2. 4 . 
Indeed, let Dl{Xk) be this resolution, D\{Xk) = ^y^^wn) Wh{w{Xk + Po) - Po)- 

Proposition 5.3.1. The complex D^{Xk) is a Uh(§)k ^semijective resolution of 
Vk.h with respect to the subalgebra Ufi{h^)^ . 



This proposition follows from part 3 of Proposition 1.4.3 and the following lemma 



similar to Lemma 3.2.2 in the nondeformed case. 



Lemma 5.3.2. Every Wakimoto module Wh{X) is semijective as a module over 
Uh(9')k with respect to the subalgebra C/;i(n+)+. 

Now in order to calculate the space iJ^+'(C/,'^''(n+), Vk.h) one should apply the 
functor ' 



^Xh ^rr/'T^I)- ' ^° ^^"^ resolution D'^{Xk) and compute the cohomology of 
the obtained complex. 



Denote by C'{Xk) the complex 

c,:(A/c) = i 



■Xh 



^('^r(fi+))- 

(C/-(n+)) + 

hu;:-{n+))-^h[Xk}- 
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In order to prove that iJ'^°(C'(Afc)) = we shall apply Lemma 5.2.4. Ob- 
serve that the complex C'(Afc)//iC*(Afe) is isomorphic to the resolution C*(Afe) 
constructed in Section |3.2|. 



The following theorem follows immediately from Proposition 3.2.3 and Lemma 



5.2.4 applied to the complex C*(Afe). 

Theorem 5.3.3. iJ^O(C,*(Afe)) = 0, i.e., for n^O 

ij^+"(c/^(ft+),yfc,,) = o, 

and the complex C'{Xk) is a resolution of the W^\{2) -module H~^^{U'^"' (n+), Vfc.^). 

The operators 5," : C^, ^fJCff^X" ^^^^^^ ^ ^^^^ ®(?(t))- ^''(""^ + ^fc) 
induced by the differential of the complex C*(Afc) in degree 0, 

(5.3.1) 



AU'H^i"+)) 



eU^x.^lul-lll'^r^'^i-^^ + ^k), 



are called deformed screening operators. 



5.4. The deformed Virasoro algebra. In this section we explicitly calculate the 
deformed screening operator for the deformed W-algebra W^l /i(sl2)[]- We suppose 
that the level k is generic and use the bosonic realization for Wakimoto modules 
over the algebra [/^(sb) and the notation introduced in Section [4.3| . The proofs of 
the statements presented in this section are quite parallel to the proofs of similar 
results for the Virasoro algebra (see Section |3.3| ) , and we do not repeat these proofs 
here. 

In order to calculate the deformed screening operator for the algebra IV^^(s[2) 
we shall need explicit formulas for the bosonic realization of Wakimoto modules 



Wh{X) (see Proposition 4.3.1) in terms of the generators of the Coxeter realization 
of the algebra Uh{sl2)k- 

Since for any Aq G C the two-sided ideal of the algebra Uh{5l2) generated by 
K — k lies in the kernel of the representation Wh{Xo, k) the algebra Uh{B^2)k indeed 
acts on the spaces IV;i(Ao,fc). Explicit calculation shows that the action of the 
Fourier coefficients of the generating series K^{z), e{z) and f{z) defined with the 



help of the isomorphism ip{n} ■ U^ ^(512) ^ Uh{5i2)k (see Proposition 5.1.1) on the 
space Ti{Xo)h introduced in Proposition |4. 3.1 is given by 



n „ 



K^iz) =: exp{±(<z - q-') ^(a„ + g±(^-+2)«_.i|_^([(2fc + l)n]^ - [n]^)b„)z 

n>Q ^ '1^ 'q 

±h{ao + bo)} 



^Note that there is a unique Coxeter element in the Weyl group of the Lie algebra 0(2. 
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e(z) ^-z:[ id, exp{-c(2|(7-*'-2z;0) }] exp {- fe(2|g-'=-2z; O) } :, 

/(z) = z: [fe+25, exp{a(fc + 2|z;0) + b{2\q-''-^ z-Q) 

+ c(fc + l;2,/c + 2|g-'=-2z;0)}] 

X exp {-a{k + 2|z; A: + 2) + c(l; 2, fc + 2\q-^-'^z] O) 

- b{2\q-^-'^z; k + 2) - b{2\q-''~^z; k) } :, 
where 

a, ^ g2.(^-||.| _ H ^. [fc|r|] )(B_,a. + A_,ii^l^6,), r ^ 0, 

6j. = Arflr + Brbr, ?' ^ 0, 

The elements a^ and br satisfy the foUowing commutation relations 

[(fc + 2)r]„ [r]„ 
[ar,a.] ^ Sr+s.o- ^^^^([(2fc + l)r], - [r]^), r, s ^ 0, 

- - [2r] [2r] 
[6r,6s] = -(5r+s,o -, r,sj^O. 

Moreover, the elements a„,6„,c„,VQ = exp(Si±S£), V'g ^ = exp(- '^''+'^'= ), n G 
Z may be regarded as a new system of generators of the algebra H^ and the repre- 
sentation space T-C{Xo)h may be defined as the representation space for the algebra 
H^ topologically generated by the vacuum vector v\g satisfying the following con- 
ditions 

o-n ■ v\o = for n > 0, 

bn • f Ao = for n > 0, 

Cn • f Ao = for n > 0, 

ao ■ v\a = AqWAo- 
Therefore the action of the algebra Ujl fc(s[2) in the representation space Whi^o, fc) 
for the algebra Uh{sl2)k does not explicitly depend on the isomorphism tpln} '■ 

Now let C*(Afc) be the resolution of the vacuum representation of the algebra 
14^^,^(5(2) introduced in the previous section. Using Remark 2.3.1 and Proposition 
4.3.2| this resolution may be rewritten as 

(5.4.1) ^ C;,, ®!a^Sa+!!- Wh{0,k) ^ C^, ^SS^^SfilJ!- Wi,i-2,k) ^ 0. 
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We shall explicitly calculate the spaces C^^ ^irfi^a,^))- ^hiO,k) and 
^Xh '^(u'^^d^))- ^h{—'2, k) and the induced operator 



S? 



Lemma 5.4.1. Let Wh{Xo, k) he the Wakimoto module of highest weight A of finite 
type such that X{H) = Aq, A(i^) = fc, fc ^ -2 and X{d) = 0. Denote by H^ C H,, 
the subalgehra in H^ with generators a„, n ^ "L subject to the relations 



[{k + 2)r][r] 
r [kr] 



\r\ 



iq/ 



Let Trfi{Xo,k + h'^) be the Uh{i)) (and H^j-submodule in Wh{Xo,k) generated by 
the vacuum vector v\g under the action of the subalgehra HjJ C H^. Then the 
natural linear embedding Trfi{XQ,k + ft,^) -^ WhiXo,k) gives rise to a linear space 
isomorphism 

(5.4.2) TT^{Xo,k + /i^) = C^, ®S5^!fi|!5- W^/^l^o, k). 



Remark 5.4.2. Using linear isomorphism (5.^.i) one can equip the space 



^Xh ®(u'^ ('* ')')- ^hi^OTk) with the structure of an H^-module. This H^-module 



■'K 

structure is not natural 



Using the last lemma the individual terms of the resolution ( 5.4.1 ) are equipped 
with the H^-module structure, and the resolution takes the form 

(5.4.3) ^ TTh{0, k + h")^ 7r,,(-2, k + h^)^ 0. 

Proposition 5.4.3. The only nontrivial component Si : Trh{Q, k+K^) -^ TTh{—2, k+ 
K^) of the differential of resolution ( 5.4-^ is given by Si — L Ji{w)dpt,p ~ 
q2{k+2) ^ yjligj-g ^/jg generating series Ji{z) is defined as follows 



J^iw) = -exp -^ rr, ^"r-rw" exp ^ rr, — "^ -, w " T4, 



and the operator Vh : 7r;i(0, k + h^) — > 7r;i(— 2, k + h'^) sends the vacuum vector vq 
ofi^hi^Tk + h^) to the vacuum vector v-2 ofTTh{—2,k + h^) and commutes with the 
elements a„ as follows 

(5.4.4) K,14] = -214<5„,o. 



Proof. The proof of this proposition is similar to that of Proposition [3.3.5 . We only 



mention that in case of 5I2 the Lie algebra n^ is isomorphic to n+[[/i]]. In particular, 
the Lie algebra n^ is commutative. We also note that the i ntertwining operator 
Sh '■ Wh{Xo, k) — > Wh{XQ~2, k) introduced in Proposition 4.3.3| may be defined using 



elements e„,a„, n S Z and the operator Vh : 'H{Xo)h — > H(Ao — 2)h that sends the 
vacuum vector v\g of 7i(Ao)/i to the vacuum vector wao-2 of 7i{Xo — 2)h, intertwines 
the action of the elements 6„, c„, Vq, Vq , n G Z and commutes with a„ according 
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to ( 5.4.4 ). Explicit calculation shows that Sh — Jq°° J^{w)dpt,p = g2(fc+2)^ where 
the generating series J^ (w) is given by 

n 

The deformed screening operator Si coincides with the screening operator for 
the q-Virasoro algebra introduced in |^, ^, ^. This algebra may be defined as 
follows. 

Let Th be the free associative topological algebra over C[[ft.]] topologically gener- 
ated by elements {r„|n G Z}. The algebra Th is naturally Z-graded. We denote by 
Th the restricted completion of Th- The q-Virasoro algebra Virh^k^s the quotient 
of the algebra Th by the two-sided ideal generated by the elements 

[Tn , Tm] + 2_^ fl {Tn-lTm+l - Tm-lTn+l) + {q — Q ) r, -. i Sm+n,0, 

where k £<C and the coefficients /; are defined with the help of the generating series 
/(z) = ^/,z' = cxp -(g-g i)2^--(^^ --^ 



1=0 



-' n gC^+i)" + g-(fc+i)f 



Introducing the generating series T{z) = J^nez -^"-^ " ^^^^ defining relations of the 
q~Virasoro algebra may be written as follows 



fiw/z)T{z)T{w) - T{w)T{z)f{zlw) 



(^■4-5) _ [fc + 2]„ r /o2(fc+l),„^ ,„-2(/c+l) 

-{q-q ) ^ 



[fc + i], 

where (5(a;) ^Enez^:"- 

One can define an action of the algebra Vir/i^fcin the spaces 7r;i(Ao, k + h"^) using 
the following proposition. 



Proposition 5.4.4. ([pOl, Section 4) Let H^^ t/ie restricted restricted completion 
of the algebra H^. The map Vir^.k^ H^^ defined by 

(5.4.6) T(z) H^: K{zq^+^) : + : A(zg-('^+i))-i :, 

where 

A(.) = g-('^^+i)exp|E:r=i 



^ P + IH, j 

X exp {(g - 9-1)2 ^- ^ g„ [(fc ^ i)„]^ ^-n^^^ j g- 
is a homomorphism of algebras. 



The following proposition shows that the algebra Vir;i_fcacts in the vacuum rep- 

^+0 (IP 



resentation space TorJ^,~ )i^Xh^ Vkji) for the algebra ^^/^(sb) 
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Proposition 5.4.5. ([|60|, Section 5) The action of the algebra Virh^kon the 
spaces 7r^(0, k + h^) and TTh(~2, k + h^) commutes with the operator S^ : 7r/i(0, k + 
/i^) -^ 7r/i(— 2, k + /i^). Therefore the algebra Virh^kO-cts in the vacuum representa- 
tion space Toij^sffi -((C^^, Vk^h) for the algebra ^^/^(sb). 

Remark 5.4.6. In fact using results of pa, b2| and pq on the Drinfeld-Sokolov 
reduction for Poisson-Lie groups, the relation between Hecke algebras and classical 
Poisson reduction (see |53|] j, and geometric arguments similar to those presented in 



54 1, C'h.4 one can show that Virh.kis a subalgebra in W^f^lsh). 



In conclusion we recall (see m, Section 3 and [pTl, Section 3.1) that defining 
relations (5.4.5|) are invariant under transformations 6 and uj of the parameter k 



and of the formal deformation parameter h defined by 

^(^) = rT^-2, 9ih) = -hik + 2); 
(5.4.7) ^ + ^ 

Lu{k) = k, Lo{h) = —h. 

As a consequence we have the following proposition. 

Proposition 5.4.7. Let k,k' G C be complex numbers. Suppose that k and k' 
and formal deformation parameters h and h' are related by one of transformations 



{5_4_j_)- Then the algebras Virh,kand Virh',k' are isomorphic. 



[lo; 

[11 
[12: 
[13; 

[14 

[is; 
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